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Fast Fourier transform-based homogenisation of gas hydrate
bearing sediments
A. ALAVOINE∗ , P. DANGLA∗ and J.-M. PEREIRA∗
Modelling the mechanical response of gas hydrate bearing sediments has become a crucial issue
in the environmental field. The scarcity of experimental data due to the instability of the gas hydrates
makes it difficult to develop accurate mechanical constitutive models. This paper suggests a numerical
homogenisation method to simulate the response of composite materials like gas hydrate bearing
soils. The homogenisation technique is based on Fast Fourier Transforms and thus can be used with
real images of soils. This method is applied here to both granular and fine soils for various volume
fractions and types of gas hydrate inclusions.
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NOTATION
Ω periodic volume
x, ξ real space coordinates, wave-vector in Fourier
space
u, u∗ local displacements, fluctuating term of the
displacements
∇u displacement gradient tensor
, E local and macroscopic strain fields
σ , Σ local and macroscopic stress fields
σ · n surface traction
C0 stiffness matrix of a reference homogeneous
isotropic elastic material
C∗ local tangent stiffness matrix
Γ0 periodic Green operator
τ polarization tensor
ˆ· notation in Fourier space
η tolerance
SH gas hydrate saturation
fH volume fraction of gas hydrates
Eg , νg Young’s modulus and Poisson’s ratio of the grain
phase
Eh , νh Young’s modulus and Poisson’s ratio of the gas
hydrate phase
σy yield strength of the gas hydrate phase (von Mises’
criterion)

programs have led to numerous scientific insights, core
samples remain difficult to obtain without dissociating the
hydrates. Experiments have been performed mostly on samples
synthesised in the laboratory (Masui et al., 2005; Miyazaki
et al., 2011; Hyodo et al., 2013; Kato et al., 2016), but also
on some pressure core samples (Santamarina et al., 2015;
Yoneda et al., 2015). The results showed the effect of the
gas hydrates inclusions on the mechanical response of the
sediments. Depending on the volume fraction of the hydrates
phase, the type of host sediment, and on the pore habit, the
strength and stiffness parameters of the sediments vary (Waite
et al., 2009; Soga et al., 2006). For example, the shear strength
and cohesion of GHBS tend to increase with an increasing
volume fraction of gas hydrates, beyond a threshold value of
this ratio (Waite et al., 2009). However it is still difficult to
systematically characterise the mechanical behaviour of these
soils under in situ conditions considering the heterogeneity of
their structure, the number of different influential parameters,
and the cost of experiments and sample recovery.
Homogenisation techniques can be a way to overcome
these experimental difficulties and to study the impact of
the gas hydrate phase on the apparent mechanical response
of a heterogeneous microstructure. Numerical homogenisation
include a good range of methods that can apply –assuming
periodic cells– to complex microstructures, composed of
constituents characterised by linear or non-linear mechanical
behaviour (including elastoplastic behaviour). In particular, an
original method based on the use of Fast Fourier Transforms
(FFT) in a fixed point iteration algorithm (Moulinec & Suquet,
1994, 1998) to solve the local mechanical problem of a periodic
composite cell has inspired different computational schemes
(Michel et al., 2000; Brisard & Dormieux, 2010; Monchiet
& Bonnet, 2013). An advantage of FFT-based methods is that
they do not need any mesh, and could instead use real images
of microstructures. However one of the main limitations of
the original method, that concerns GHBS, is the slow or even
non-convergence in case of high stiffness contrast between
phases, like when voids or rigid inclusions are present in
the microstructure (Moulinec & Suquet, 1998). Among the
new FFT-based homogenisation schemes many authors chose
Krylov subspace solvers to improve convergence and solve the
stiffness contrast issue (Brisard & Dormieux, 2010; Zeman
et al., 2010).

INTRODUCTION
Gas hydrates are crystalline compounds combining hydrogenbonded water molecules and gas molecules. Natural gas
hydrates form under high pressure and low temperature
conditions in oceanic sediments or permafrost regions. They
originate essentially from methane gas that is mainly a
decomposition product of organic matter. These gas hydrate
bearing sediments (GHBS) are a potential energy resource
but their instability also raises environmental concerns, which
is why it became important to understand and predict
their mechanical behaviour. Even though ocean exploration
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This paper aims at studying the application of a FFTbased numerical homogenisation scheme to model the
mechanical behaviour of different microstructures of GHBS.
The computational framework used in the present work and
initially developed by Gélébart & Mondon-Cancel (2013) is
first recalled. Then, the framework is applied to granular and
fine host sediments examples for different gas hydrates pore
habits and volume fractions. Finally, a real image acquired from
micro CT scans of GHBS from Krishna-Godavari Basin (Rees
et al., 2011) is homogenised with the same algorithm to show
its capabilities.
NUMERICAL METHOD
In this section we present the different methods that we have
combined in an in-house numerical homogenisation code.
We based our code on the numerical methods developed by
Moulinec & Suquet (1994) and Gélébart & Mondon-Cancel
(2013), and we implemented the local integration of some
nonlinear models like the modified Cam Clay criterion.
FFT-based homogenisation
In periodic homogenisation the global response of a composite
material subjected to a macroscopic strain E is obtained via the
resolution of the local mechanical problem on a representative
volume element Ω, with periodic boundary conditions. The unit
cell is defined by a non-uniform microscopic constitutive law
F relating the local stress field σ to the local strain field . The
governing equations are as follows:

div(σ(x)) = 0
(x ∈ Ω)



σ(x) = F((x))
(x ∈ Ω)





T
2(x) = ∇u(x) + ∇ u(x)


u(x) = E · x + u∗ (x)



∗


 u (x) periodic
σ · n antiperiodic

(x ∈ Ω)

(x ∈ Ω)

(opposite boundaries)
(opposite boundaries)
(1)

where the local displacements u are split into their average
value E · x and a periodic fluctuating term u∗ (x), and are
linked to the local strains  by the compatibility equation.
The macroscopic stress Σ can be obtained by averaging the
local stress field σ over the unit cell. Moulinec & Suquet
(1994) introduced a reference elastic homogeneous material
of stiffness  tensor C0 and a polarisation tensor τ (x) =
C(x) − C0 : (x) to reformulate the problem and express
it as the search for the solution of the periodic LippmannSchwinger equation in real and Fourier spaces, respectively:

(x) = −(Γ0 ∗ τ )(x) + E (Ω)
(2)
0
ˆ(ξ) = −Γ̂ (ξ) : τ̂ (ξ)

(∀ξ 6= 0,

ˆ(0) = E)

with Γ0 being the periodic Green operator associated to C0 ,
ξ the wave-vector in Fourier space, and ∗ the convolution
product. The latter advantageously becomes a direct product
in Fourier space, and offers the possibility to solve the
integral equation through different techniques involving Fourier
transforms. In the ’basic scheme’, Moulinec & Suquet (1998)
discretised the unit cell into a grid of pixels (2D) or voxels
(3D), and the problem equations in order to use the Fast Fourier
Transforms (FFT). They then proposed a fixed point algorithm
to find the solution of the Lippmann-Schwinger equation, and
were followed by many authors that developed other solving
techniques.
Newton-Raphson algorithm
The method adopted here differs from Moulinec and Suquet
original work by its resolution method. We use the same one as
Prepared using GeoLettAuth.cls

Gélébart & Mondon-Cancel (2013). It makes use of a general
Newton-Raphson (NR) algorithm to solve the LippmannSchwinger equation with the following residual:
G((t)) = (t) + Γ0 ∗ (σ(t) − C0 : (t)) − E(t)

(3)

We use the discrete Green operator from Moulinec & Suquet
(1994) here. Non-linear constitutive laws can be distributed
over the unit cell. The stresses and internal variables need to be
integrated over time increments ∆t = tn − tn−1 , as a function
∂G

((tn )) is not
of the previous state. The Jacobian matrix
∂
given since the residual differentiation includes a convolution
product, but the linearised problem in the NR algorithm is fully
expressed as follows:
∂G
((tn )) : δ = −G((tn ))
∂
0
⇐⇒ δ + Γ ∗ ((C∗ − C0 ) : δ) = −G((tn ))

(4)
(5)

and solved by a Conjugate Gradient (CG) method to find δ and
update the strains at iteration k: (tn )k = (tn )k−1 + δ. C∗ is
the ’tangent stiffness matrix’:
C∗ =

∂σ(tn )
((tn ))
∂

(6)

and depends on the constitutive law. The convergence criterion
used in the NR algorithm is the stress equilibrium condition
evaluated in Fourier space at each iteration (Moulinec &
Suquet, 1998; Gélébart & Mondon-Cancel, 2013):
(hkdiv(σ(tn ))k2 i)1/2
<η
khσ(tn )ik

(7)

In our calculations the CG-based solver comes from the PETSc
(Balay et al., 2019) library, and the convergence criterion is
applied outside the framework of the library, in addition to its
internal one. This criterion is the same equilibrium condition
as equation 7 but evaluated for the tangential stresses that are
extrapolated from the CG loop solution (Gélébart & MondonCancel, 2013):
σ CG = σ(tn−1 ) + C∗ : δ

We compared our FFT-based homogenisation with a FEM
simulation code developed in our laboratory in order to
validate our simulation method. A good agreement is observed
(figure 1).
In order to model the effective mechanical behaviour
of GHBS, one has to take into account not only the
volume fraction of the gas hydrate phase in the sedimentary
material, but also the complex geometries of these compounds.
Furthermore, the observed non-linear response of sheared
GHBS specimens seems to be strongly related to the nonlinear behaviour of the microscopic components, in particular
of the gas hydrate phase. The use of homogenisation techniques
accounting for simple elastoplasticity allows us to integrate
these non-linearities based on realistic geometries of the
microstructure. Working directly at the macroscopic level using
non-linear constitutive laws to capture the observed behaviour
of GHBS would certainly require a significant increase of the
number of material parameters.
APPLICATION TO GAS HYDRATE BEARING
SEDIMENTS
Gas hydrate crystals occupy the pore space of sediments in
different ways depending on the conditions under which they
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Fig. 1. Example of comparative results of periodic homogenisation simulations of a shear loading (E12 = 1%, E11 = E22 = 0)
applied to a circular elastic inclusion in an elastoplastic matrix
using FEM (top figures, mesh of 7216 elements) or FFT (bottom
figures, 512x512 pixels). All figures represent the distribution of
the yield function over the matrix phase at two different values
of the macroscopic strain load: E12 = 0.8% (left) and E12 = 1%
(right).

were formed (Waite et al., 2009). In coarse-grained sediments
gas hydrates can occur under various types of pore habits
usually described in the literature as pore-filling, load-bearing
or cementing (Waite et al., 2009; Chaouachi, 2016). It is
generally assumed that in the laboratory one of the two
common methods of synthesis leads to a load-bearing type
of hydrates while the other one leads to a cementing type of
hydrates (Ebinuma et al., 2005). In fine sediments they can
fracture the soil matrix and form networks of veins (Rees
et al., 2011). These complex microstructures influence the
macroscopic (apparent) response of the material. The FFTbased homogenisation method we described in the previous
section can be applied to study the impact of parameters
such as pore habits or volume fraction of gas hydrates on the
macroscopic behaviour of GHBS. We specify that this method
works well both in 2D and 3D.
Effect of pore habits in granular soils
In this section, different periodic geometries of twodimensional coarse-grained microstructures were tested as
examples (see figure 2 and figure 3) to demonstrate the
relevance of the method in the study of gas hydrate bearing
soils. The pore space around randomly distributed grains at
a given porosity was filled with hydrates using two different
scenarios of pore habits: load-bearing and cementing gas
hydrates (see figure 3). Three phases constitute the material
in these calculations: rigid grains, hydrates and liquid, with
a volume fraction of gas hydrates varying between 80% and
100% of the pore space. We did not consider lower hydrate
saturations in these simulations in 2D because we needed a
surface of hydrates large enough to ensure a continuity between
the solid phases to avoid the occurrence of floating grains. A
loading corresponding to an oedometer test was applied to the
different unit cells:
∆E11 = 1% and ∆E22 = ∆E12 = ∆E33 = 0
Prepared using GeoLettAuth.cls
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Fig. 2. The upper right image shows a typical example of a
real coarse-grained microstructure with a porosity of n = 0.28
(Al Mahbub & Haque, 2016) and the upper left image represents
an example of the ideal periodic microstructures that we
imagined for our calculations. The unit cell used in this example
to describe the microstructure (with a porosity of n = 0.27) is
shown below. Here we only represent the granular skeleton of
the microstructure, obtained by randomly adding circles with
a radius between 0.08 and 0.2 in a unit square. To obtain
realistic values of microstructures from this unit-square, we
simply multiply the length of each geometrical object by the
desired length scale, which gives us the realistic grain size
distribution on the right.

The grains were assumed to have an isotropic linear elastic
behaviour, defined by the following Young’s modulus and
Poisson’s ratio: Eg = 2.45 GPa, νg = 0.1. We used the
Poisson’s ratio of the quartz material (Mcknight et al.,
2008), and we chose a Young’s modulus that gave us results
approaching those of mechanical tests performed on methane
hydrate bearing sands in the laboratory (Le et al., 2019). There
are only few data and test results regarding the behaviour of
pure gas hydrates samples, but Yoneda et al. (2019) managed to
retrieve natural pressure core samples of massive gas hydrates
and tested them. They obtained values for the Young’s modulus
of 287 MPa and 350 MPa under quasi-static conditions, and
maximum deviator stress values of 3.04 MPa and 3.24 MPa.
This is why the gas hydrate phase was defined by an elastic
perfectly plastic model with von Mises’ criterion, with the
given parameters: Eh = 300 MPa, νh = 0.32, and a yield
strength equal to σy = 3 MPa. The Poisson’s ratio for the
pure hydrate phase was taken from Sloan & Koh (2007). The
voids represent fluid-filled porosity and were characterised by
a null stiffness matrix, like in a drained test configuration, as
we homogenise the effective properties of the material. The
macroscopic stress-strain response is obtained by averaging
the microscopic fields over the entire unit cell at the end of
each time step. A tolerance of η = 10−7 was taken for the
calculations.
First, we looked at the repeatability of our simulations
by performing calculations over randomly drawn unit cells
with a hydrate saturation of 100% and a porosity between
27.8% and 28.8% but with different arrangements of the
granular skeleton. The mean macroscopic response and the
corresponding standard deviation obtained for 10 different
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Fig. 3. Examples of microstructures for a porosity of n = 0.27
and at a resolution of 512 pixels, with solid grains in grey, gas
hydrates in white and voids in black. In 3a voids are completely
filled with hydrates. 3b and 3c represent cementing gas hydrates
at 95% and 80% of pore volume fraction respectively while 3d
and 3e represent load-bearing gas hydrates at 90% and 80% of
pore volume fraction.
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Fig. 5. Macroscopic stress-strain response to the loading of the
granular soil with cementing gas hydrates for different values of
porosity and gas hydrate saturation, at a resolution of 512 pixels.

8
7
6
5
4
3
2
1

7
6

0

lower standard deviation

5

0

0.2

0.4

0.6

0.8

1

Mean Strain E11 [%]

Unit cells (27.8% ≤ n ≤ 28.8%):

4

Fig. 6. Macroscopic stress-strain response to an ’oedometer’
loading of granular soil for different pore habits - cementing and
load-bearing - and different values of gas hydrate saturation SH ,
at a porosity of n=0.27 and a resolution of 512 pixels.

3
2
1
0
0

0.2

0.4

0.6

0.8

1

Mean Strain E11 [%]

Fig. 4. Average macroscopic stress-strain response (in red) to
the oedometer loading of 10 random granular microstructures,
each with a porosity n between 27.8% and 28.8%. The upper
and lower black curves represent the standard deviation of the
responses of the simulated microstructures that are represented
at the bottom right part of the figure.

simulations are plotted in figure 4 and show a rather low
dispersion.
Figure 5 shows the results for ’cemented’ microstructures
of two different porosities, n=0.4 and n=0.27, and various
values of volume fraction of gas hydrates for each of them.
As expected, the increase in gas hydrate saturation and the
decrease in porosity lead to a stiffer material, which is in
agreement with many experimental results. In the figure 6,
a comparison between the effects of cementing and loadbearing gas hydrates is represented for a given porosity. The
global responses of the two types of pore habits for the same
volume fraction of hydrates match expectations. The cemented
structures have a stiffer mechanical response while the loadbearing structure yields more rapidly. Both morphologies reach
a perfectly plastic behaviour at SH =80%. The fact that the
chosen technique does not take into account contact laws and
that we chose a unit cell containing only few grains plays a
role on the resulting macromechanical fields. The geometries
that were chosen as unit cells in this section are based on
circular solid grains representing the sedimentary phase, but
more complex and realistic microstructures have to be used in
the study of gas hydrate bearing sediments. The advantage of
Prepared using GeoLettAuth.cls

the FFT-based homogenisation methods is that one can analyse
real images. In the next section we present the case of fine soils
containing gas hydrate with unit cells adapted from real images.
Using real images
Few studies managed for now to get real images of gas
hydrate bearing soils at the microscopic scale. Since it is
difficult and expensive to get pressure core samples and
maintain them under in situ conditions, the observation of
gas hydrates nucleation through x-ray microtomography for
example are mainly done with synthetic samples (Chaouachi,
2016). However the investigations that have been conducted
until today give an insight of the actual microstructure of
gas hydrate bearing soils and can be used as unit cells to
homogenise the mechanical properties.
In this section we applied the same FFT-based homogenisation to a real image of hydrate veins in fine sediments. There are
only few images of the microstructure of fine-grained sediments
with gas hydrates. It is known that gas hydrates tend to occur
as veins and nodules in fine-grained sediments, in contrast with
coarse-grained soils. A unit cell with a resolution of 256 pixels
was defined based on the micro CT scans of depressurised and
cooled cores from the Krishna-Godavari Basin (Rees et al.,
2011) represented in figure 7. The figure 8 shows the original
image and its periodic-plus-smooth decomposition (Moisan,
2011) via Brisard’s Python implementation (Brisard, 2018). By
working with a non-periodic image the resulting mechanical
fields would be disturbed at the edges. This image processing
allows us to work with a periodic REV, but it should be
noted that it generates a disturbed image from the original one
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Fig. 7. On the left are represented X-ray images of a natural
core published by Rees et al. (2011) and from which the vertical
slice (a, in the middle) of core section 46-66cm was taken using
the micro CT scanning method. On the right we represent the
extracted image that we chose to use for our application. The
image corresponds to an area with vein inclusions, while we can
observe a nodule above it in the middle image.

+

Fig. 9. On the left the smooth histogram of the periodic real
image (see figure 8b) from which two threshold values were
chosen: A is the grey value corresponding to the minimum
number of pixels in the valley between the two peaks in red, and
B is the mean value of these peaks. On the right the segmented
images obtained from A and B and the corresponding volume
fraction of gas hydrates f H .
Table 1. Cam Clay properties for the fine soil matrix (Torisu
et al., 2012)
Parameter
Compression index λ
Swelling index κ
Elastic shear modulus G
Pre-consolidation pressure pc0
Initial Porosity φ
Slope of critical state line M
Initial mean stress p0

Value
0.1
0.01
300
2
0.37
1.0
1.25

Unit
(MPa)
(MPa)
(MPa)

existing data (Hyodo et al., 2002; Yu et al., 2011) the yield
strength has been taken equal to σy = 5 MPa. The material for
the soil matrix was defined by a modified Cam-Clay model, and
the properties are summarised in the table 1. The macroscopic
loading consisted in a mixed loading, comparable to a triaxial
compression test loading. Starting from a uniform initial stress
of 1.25 MPa over the entire cell, the horizontal stresses were
kept constant while a vertical strain loading was imposed until
reaching the macroscopic mean strain value of 5%:
∆E11 = 5% and ∆Σ22 = ∆Σ33 = ∆Σij = 0
Fig. 8. Periodic pattern made with the real image (a) used as a
unit cell (yellow box - 256 pixels resolution); its periodic (b) plus
smooth (c) decomposition and the segmented image (d) used
for calculations.

around the edges. Considering the sample disturbance prior to
scanning, in this example we chose to define only two phases
from the periodic microstructure: the fine-grained soil matrix
and the gas hydrates phase forming veins (figure 8d). Two
threshold values were tested for the image segmentation: (A)
the minimum value of the valley between the two principal
peaks of the image histogram, and (B) the average value of
these two peaks (figure 9). Morphological operations such as
dilation and erosion were then applied to process the resulting
images in order to get artificial volume fractions of the gas
hydrate phase f H (14%, 16%, 23% and 34%). These operations
consist in adding or removing pixels to or from object boundaries, the object being hydrates veins in our case.
The gas hydrate phase was defined by an elastic perfectly
plastic model with von Mises’ criterion, with the given elastic
parameters: Eh = 9 GPa, νh = 0.32 (dynamic moduli from
Sloan & Koh, 2007). For a first assessment and based on
Prepared using GeoLettAuth.cls

∀i 6= j

Given the fact that the unit cell is two-dimensional and to
insure the periodicity conditions on the displacements, the
fluctuating part of the cross-sectional strain ∗33 has to be null.
The condition ∆Σ33 = 0 corresponds to a macroscopic plane
stress condition with a non-zero uniform strain component in
the cross direction: 33 = E33 6= 0. A tolerance of η = 10−5
was taken for the calculations.
The homogenised macroscopic results are represented in the
figure 10. One can observe the effect of the plastic yielding of
the sedimentary matrix on the global response of the material.
The behaviour is clearly non-linear and shows two different
trends during the shearing: a first one with the deviator stress
value under approximately 0.5 MPa and a second one beyond
0.5 MPa. The second part corresponds to the moment when
an important part of the local points of the soil matrix yields.
The evolution of the fraction of yielding pixels over each entire
phase in the figure 11 shows that the soil matrix yields more
quickly than the gas hydrates here. Indeed, between 0.62 MPa
and 0.83 MPa of the deviator stress values, the fraction of
yielding pixels over the soil material increase from 1.49% to
28.11% (figures 11b and 11c).
There are three stages in the behaviour of the unit cells
when we look at the figure 11: an elastic part when the
deviator q is below 0.5 MPa, the yielding of the soil matrix
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CONCLUDING REMARKS
We applied a numerical homogenisation method to gas hydrate
bearing sediments to overcome the experimental difficulties
usually met in the study of these soils. The chosen FFTbased homogenisation method can help model the effective
mechanical behaviour of different types of materials defined
by complex microstructures that can be obtained from real
images, thus avoiding the multiplication of experiments. This
is an advantage especially for the modelling of fine sediments
as it is still difficult to form gas hydrates in fine grained soils
in laboratory. We used the numerical method on a real image
of fine sediments from micro CT scans. We investigated the
impact of the choice of threshold value on the results and in
our case, with two different threshold values this impact was
quite low. More elaborate methods can be used to determine the
threshold value. As for granular soils, examples were given for
schematic unit cells formed with only few circular grains being
surrounded by either cementing or load-bearing gas hydrates.
The examples gave a good insight of the advantages and
potential of the method. In particular, the use of the FFT-based
methods is less limited when applied to fine-grained sediments
in comparison with coarse-grained sediments as the coarsegrained sediments have a more discrete microstructure with
larger stiffness ratios between local materials because of the
voids. Several applications to gas hydrates are possible such as
multi-scale modelling or developing macroscopic laws based
on microstructural particularities.
Prepared using GeoLettAuth.cls
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Fig. 10. Macroscopic stress-strain responses of fine soils with
hydrate veins inclusions for four different values of gas hydrate
volume fractions (f H =14%, f H =16%, f H =23% and f H =34%), at
a resolution of 256 pixels.
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pixels when q is between 0.5 and 1.0 MPa and finally the
yielding of the gas hydrate pixels while all pixels of the soil
matrix phase exhibit a hardening behaviour when q is above
1.0 MPa. The distinction between the last two parts of the
macroscopic response is not clearly visible in the stress-strain
curve of figure 10 though, as the pixels of the gas hydrate
phase represent a small fraction of each whole unit cell: 34%
at the maximum. Locally the gas hydrate phase reaches the
perfectly plastic regime characterized by a constant value of
deviator stress but the hardening behaviour of the soil matrix
pixels prevails as they representing 76% volume fraction of the
unit cell at the minimum. Figure 11 also shows that the gas
hydrates have an influence on the point when 100% of the soil
matrix pixels have reached the plastic regime. An increase of
the gas hydrate volume fraction seems to delay the yielding of
the soil matrix as there are more gas hydrates pixels to support
the loading.
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Fig. 11. (a) Evolution of the fraction of yielding pixels for each
phase; (b) and (c) represent the yield function distribution over
the soil phase (Cam Clay) of the microstructure with 16% of gas
hydrate volume fraction at two different stages of the shearing
(resolution of 256 pixels; threshold value B). The yield function
is the equation of the yield surface: negative values correspond
to the elastic regime while zero corresponds to the yield regime.
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