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a b s t r a c t

This paper is devoted to the derivation of improved bounds for the effective behavior of linear elastic
matrix-inclusion composites based on a strategy which is inspired by both the works of Huet (1990)
and Danielsson et al. (2007). As shown by the former author, the effective properties of random linear
composites can be bounded by ensemble averages of their apparent elastic moduli defined on square
(or cubic) volume elements (VEs) and computed with either affine displacement Boundary Conditions
(BC) or uniform traction BC. However, in the case of a large contrast of the constituents, the discrepancy
between the upper and lower bounds remains significant, even for large values of the VE size. This occurs
because the contribution to the total potential (or complementary) energy of the particles (or pores)
which intersect the edges of the VE becomes unphysically very large when uniform BC are directly
applied to the particles. To avoid such limitations, we considerer non-square (or non-cubic) VEs consist-
ing in simply connex assemblages of cells, each cell being composed of an inclusion surrounded by the
matrix, thus forbidding any direct application of BC to the particles. Such VEs are generated by extending
the scheme proposed by Danielsson et al. (2007) in the context of periodic random microstructures to
fully random microstructures. By applying the classical energy bounding theorems to the non-square
VEs, new bounds for the effective behavior are derived. Their application to a two-phase composite com-
posed of an isotropic matrix and aligned identical fibers randomly distributed in the transverse plane
leads to sharper bounds which converge quickly with the VE size, even for infinite contrasts.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

Most materials, either natural (minerals, biological tissues, etc.)
or designed by man (composites, steels, concrete, etc.) are hetero-
geneous. Efficient modeling approaches are required to determine
in a deductive way the global behavior of such a material, to be
used for structural calculations at a larger scale, from the local
behavior of its various constitutive phases and their spatial
distribution. For that, one implicitly or explicitly assumes the
following separation of length scales:

d� ‘� Lstruct ð1Þ

where the microscale d is the typical size of the heterogeneities of
the constituents, Lstruct is the typical length of the fluctuations of
the mechanical fields generated in the macroscopic structure under
consideration if it would be made of a homogeneous material, and
the mesoscale ‘ is some intermediate length, over which these mac-
ll rights reserved.
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roscopic mechanical fields can be considered as uniform, and at the
same time, such that volume elements (VE) of size ‘ are representa-
tive of all microstructural features of the material. This assumption
allows to define an effective mechanical behavior such that struc-
tural calculations, performed on a fictitious structure with same
macroscopic geometry and boundary conditions but made of a
homogeneous material exhibiting this behavior, provide, at a much
lower numerical cost, macroscopic strain and stress fields which
coincide, at least to some accuracy, with the local mechanical fields
developed inside the actual heterogeneous structure averaged over
volume elements of size ‘. The smallest volume element ensuring
such a property is called the Representative Volume Element
(RVE). Many methods to determine the effective behavior from
the properties of the constitutive phases and the microstructure
within a RVE have been proposed and can be split into two families.

The first one groups so-called homogenization methods or mean
field theories. They are described in many reference extended pa-
pers or textbooks among which Willis (1981), Sanchez-Palencia
and Zaoui (1987), Nemat-Nasser and Hori (1993), Ponte Castañeda
and Suquet (1997) and Bornert (2001). Such methods have now
reached a high level of efficiency, especially for linear materials
(e.g. Beran, 1968; Willis, 1977; Christensen and Lo, 1979; Ponte Cas-
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tañeda and Willis, 1995; Bornert et al., 1996) but also for nonlinear
elastic or viscoplastic composites (e.g. Ponte Castañeda and Suquet,
1997; Ponte Castañeda, 2002; Lahellec and Suquet, 2004) as well as
for composites with nonlinear ‘hereditary’ behaviors, which exhibit
a dependence of their current response on the loading path (e.g.
Masson and Zaoui, 1999; Lahellec and Suquet, 2007; Doghri et al.,
2010). Mean field methods provide either rigourous bounds or esti-
mates of the effective behavior. Usually, bounds can be derived
when statistical informations about the phase distribution are avail-
able such as some of the nth order moments of the characteristic
functions vr – defined in Section 2.1 – which serve to describe the
microstructure. For linear elastic random heterogeneous materials
which are focused on in this paper, such informations allow to de-
rive the well-known Voigt (1889) and Reuss (1929) first-order
bounds, the Hashin and Shtrikman (1963) second-order bounds
and the Beran (1968) higher-order bounds. If the informations
about the microstructure are rather of ‘morphological’ type – e.g.
when one phase plays a particular role as it is the case for matrix-
inclusion composites or when all the phases have the same influ-
ence as for granular composites – direct estimates of the effective
properties can be proposed such as the well-known Mori and Tana-
ka (1973) or self-consistent (Kroner, 1958) estimates. When the
available informations pertain to both the statistics of the phase dis-
tribution and the morphology of the composite, very efficient esti-
mates or bounds for the effective behavior such as the Ponte
Castañeda and Willis (1995) estimate or the Morphologically Repre-
sentative Pattern (MRP) bounds and self-consistent estimates (Stolz
and Zaoui, 1991; Bornert et al., 1996) are available.

However, all mean field theories are based on random compos-
ites with an infinite extension, for which the condition (1) is ex-
actly satisfied. Mean field estimates or bounds are therefore
asymptotic estimates or bounds. Furthermore, they are well suited
to predict the behavior of composites with simple ideal model
microstructures. For heterogeneous materials with more complex
microstructures, when detailed microstructural informations are
available in the form of appropriate morphological models or rep-
resentative images of the microstructure, full-field simulations
provide an alternative and nowadays efficient way to evaluate
more accurately the effective behavior. This approach consists in
computing numerically the apparent behavior of the composite
on different VEs of same finite size and approximating the effective
behavior as the ensemble average of the apparent behavior. Such
an estimate of the effective behavior crucially depends on the size
of the VEs, the number of realisations used to evaluate ensemble
averages and the prescribed boundary conditions, in addition to
the properties of the constitutive phases and the microstructure.
Its convergence towards the effective behavior is obtained, at some
accuracy, when the size of the samples reaches the size of the RVE,
this latter depending on the investigated effective property, the
material characteristics such as the contrast between the phases,
the volume fractions, the spatial distribution of the phases, etc. –
and on the expected accuracy. Accordingly, in order to obtain a
precise estimate of the effective behavior it becomes essential to
evaluate the size of the RVE associated with a particular mechani-
cal or physical property for a given material. However, this size can
be very large for many materials, thus leading to excessive compu-
tational expense to evaluate the effective behavior from samples of
that size. For these materials, we need rigorous criteria able to
evaluate how far ensemble averages of the apparent behavior are
from the actual effective behavior of the random media when the
numerical simulations are performed on samples the size of which
is smaller than the RVE size. This problem has been first tackled by
Huet (1990) and later by Sab (1992). By making use of different
arguments, both these authors independently showed that the
arithmetic ensemble average of the apparent stiffness associated
with Affine Displacement Boundary Conditions (ADBC) and the
harmonic ensemble average of the apparent stiffness associated
with Uniform Traction Boundary Conditions (UTBC), both applied
to square or cubic shaped samples of size L, are upper and lower
bounds of the effective behavior, respectively (see Eq. (14)).
Further, they proved that the upper bounds (resp. the lower
bounds) are decreasing (resp. increasing) functions of the non-
dimensional size d ¼ L=d of the VE. The gap between the upper
and lower bounds allows to evaluate how far these bounds are
from the actual effective behavior. It has been checked on different
applications, investigated for instance by Ostoja-Starzewski (1998)
and Ostoja-Starzewski (2006), that the bounding property (14) is
able to provide good estimates of the effective behavior for rela-
tively low values of d but only for weak to medium contrast be-
tween the constituents of the composite. For composites with
large contrast, e.g. rigid particles or pores, simulations performed
on planar linear elastic disk-matrix composites have revealed that
the discrepancy between the upper and lower bounds remains sig-
nificant even for large values of d. Later on, numerical simulations
carried out by Jiang et al. (2001) again on planar linear elastic disk
matrix composites showed that the ensemble average of the
apparent behavior associated with periodic BC converges much
faster towards the effective behavior than with affine displacement
or uniform traction BC. This property has been used by Kanit et al.
(2003) who developed an efficient method to evaluate the effective
properties based on the notion of integral range and confidence
interval. This method allows to predict the number of samples of
size d necessary to reach a given level of accuracy for the wanted
effective property and conversely to predict the relative accuracy
for a given number of simulations. However, as pointed out by
these authors, the method is efficient only if the size of the samples
is larger than the RVE size associated with periodic BC, this latter
being defined as the size for which the mean value of the apparent
properties of a given material for periodic BC does not evolve any
more with the size d of the samples. For smaller sizes, the ensemble
averages of the apparent properties are potentially biased esti-
mates of the effective properties. As noticed by the authors, this
bias is limited by the difference between Huet’s bounds, which
might however not be accurate for composites with high contrasts,
as mentioned above.

The main objective of this work is to provide new sharper
bounds of the effective behavior derived from the apparent behav-
iors as initiated by Huet (1990) and Sab (1992) but by removing
the aforementioned limitations observed for uniform strain or
stress BC, that is the blow up of the upper bound for rigidly rein-
forced composites and the vanishing of the lower bound for porous
materials. The key point is to notice that this blow up (resp. vanish-
ing) occurs because the part of the strain energy (resp. comple-
mentary energy) due to the rigid particles (resp. pores) which
intersect the edges of the cell becomes very large when ADBC
(resp. UTBC) are directly applied to these rigid particles (resp.
pores). To avoid such limitations, we consider non-square (or
non-cubic for 3D microstructures) VEs made of assemblages of
cells composed of an inclusion located strictly inside the cell and
surrounded by the matrix (e.g. Voronoï cells), thus forbidding
any direct application of boundary conditions to particles. Such
VEs can be generated by extending the scheme proposed by Dan-
ielsson et al. (2007) in the context of periodic random microstruc-
tures to fully random microstructures. By making use of the
classical bounding theorems for linear elasticity and appropriate
averaging procedures, sharper bounds of the effective behavior
are derived from ensemble averages of the apparent behaviors
associated with non-square (or non-cubic) VEs.

The structure of this paper is as follows. The approach initiated
by Huet to derive upper and lower bounds for the effective proper-
ties from ensemble averages of the apparent properties is briefly
recalled in Section 2. The new procedure allowing to derive
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improved bounds for the effective properties by extending Huet’s
approach to non-square (or non-cubic) VEs for linear matrix-inclu-
sion random composites is presented in Section 3. Special attention
is given to the fact that the considered random VEs have a non con-
stant volume. Its applications to a two-phase composite composed
of a matrix and aligned identical cylindrical fibers randomly
distributed in the transverse plane is depicted in Section 4. The
results are presented in Section 4 and compared to the classical
Huet’s bounds for several contrasts ranging from rigid particles
to porous ones and for different inclusion volume fractions.
Conclusions are summarized in Section 6.

The tensor notation used herein is a fairly standard one. The
orders of the tensors are clear when taken in context. Products con-
taining dots denote summation over repeated latin indices. For
example, L : e ¼ Lijkleklei � ej and E :: F ¼ EijklFklij where ðei; i ¼ 1;3Þ
is a orthonormal cartesian basis and � denotes the tensor product.
On probabilistic aspects, all the random quantities (variables, fields)
considered in this work are assumed to be defined on the same
probability space H; F; Pf g, where H is a sample space, F is a r-alge-
bra of subsets of H and P is a probability on F. Moreover, the follow-
ing notations will be used: if n ¼ ðnðxÞ;x 2 HÞ is a random variable
defined on fH; F; Pg, for any fixed x 2 H; nðxÞ is a x-realization of n
(i.e. the realization of n associated with the particular event xÞ. For
the sake of simplicity, and if no mistake in interpretation is to be
feared, the notation nðxÞwill also be used to denote such a random
variable. In the same way, if w ¼ ðwðx;xÞ; x 2 D;x 2 HÞ is a random
field defined on fH; F; Pg and indexed on D # Rd ðd 2 N�Þ, for any
fixed x 2 H, the function x! wðx;xÞ is a x-realization of w and,
to simplify the notations, wðx;xÞwill be used to denote just as well
this realization as the random field itself. Finally, the statistical
expectation and standard deviation of any random variable n will
be denoted EðnÞ and rðnÞ, respectively.

2. Classical bounds for the apparent and effective behaviors

In this section we briefly recall some important and classical re-
sults on the apparent and effective properties of random linear
elastic composites.

2.1. Definition of the apparent behavior

Let A be a microstructure characterized by a set of stochastic

fields B 2 vr 2 0;1f gR
d�H;1 6 r 6 K : RK

r¼1vr ¼ 1
n o

where K is the

number of phases, d ¼ 2 or 3 is the space dimension and vr the
random characteristic functions, being 1 if the position vector x is
in phase r, and 0 otherwise. In what follows, for the sake of simplic-
ity, every microstructure (e.g. A) will be identified with the set of
functions which characterizes it (i.e. B). Furthermore, only station-
ary and ergodic microstructures will be considered. From the
microstructure B we obtain for each x 2 H a realization BðxÞ of
the composite. It is worth noting that for two-phase composites
only one characteristic function, e.g. the matrix one’s vM , is enough
to characterize the microstructure. In order to define square VEs as
considered in Huet’s approach, let us introduce, in 2D-space, square
domains Xs

d;X of centers X ¼ ðx1; x2Þ and side length L ¼ dd given by

Xs
d;X ¼ ½x1 � L=2; x1 þ L=2� � ½x2 � L=2; x2 þ L=2�. A square VE Bs

d;XðxÞ
of the composite centered on X and of size d is therefore character-
ized by the restriction of the realization of the composite BðxÞ to

the square domain Xs
d;X , i.e. Bs

d;XðxÞ 2 vr 2 0;1f gX
s
d;X ;

n
1 6 r 6 K :

RK
r¼1vr ¼ 1g. The same notation can be used for cubic VEs in 3D-

space, except that X ¼ ðx1; x2; x3Þ and Xs
d;X ¼ ½x1 � L=2; x1 þ L=2��

½x2 � L=2; x2 þ L=2� � ½x3 � L=2; x3 þ L=2�. Note that the volume
Vd ¼ jXs

d;X j ¼ ðddÞd of any VE Bs
d;XðxÞ is independent of the realiza-

tion x since the VEs are square or cubic. The spatial average over
Xs
d;X of any random (n-component real-valued) field wðx;xÞ, e.g.

the local strain eðx;xÞ and stress rðx;xÞ fields, will be denoted
hereafter by

hwðxÞisd;X ¼
1

Vd

Z
Xs

d;X

wðx;xÞdx: ð2Þ

In what follows, because of the stationarity of the random set B, the
spatial dependence with respect to the square or cubic window cen-
ters X will not be specified unless required. Further, @A will denote
the outer surface of a set A and nðxÞ its outward normal at x 2 @A.

When the VE is smaller than the RVE, the behavior of the
composite at the mesoscopic scale – namely the behavior of the
VE Bs

dðxÞ – called the apparent behavior, depends both on x and
on the BC prescribed on @Xs

d. For linear elasticity in small strain
framework, the apparent behaviors associated with ADBC –
uðx;xÞ ¼ �e:x; 8x 2 @Xs

d – or to UTBC – rðx;xÞ:nðxÞ ¼ �r:nðxÞ;
8x 2 @Xs

d – are respectively described by the fourth-order moduli
Cs;d

d ðxÞ or compliance Ss;t
d ðxÞ tensors defined as follows

8�e; �e : Cs;d
d ðxÞ : �e ¼ inf

u2Ks
dð�eÞ
heðuÞ : CðxÞ : eðuÞisd;

with Ks
dð�eÞ ¼ u = uðxÞ ¼ �e:x8x 2 @Xs

d

� �
; ð3Þ

8�r; �r : Ss;t
d ðxÞ : �r ¼ inf

r2Ss
dð�rÞ
hr : SðxÞ : risd;

with Ss
dð�rÞ ¼ r = divðrðxÞÞ ¼ 0 8x 2 Xs

d;
�

rðxÞ:nðxÞ ¼ �r:nðxÞ 8x 2 @Xs
d

�
: ð4Þ

In Eqs. (3) and (4) as well as hereafter, the superscripts d and t are
associated with ADBC and UTBC, respectively. Further, the super-
script s is added to emphasize the fact that the apparent stiffnesses
or compliances are defined on square (or cubic) VEs. The tensors
Cðx;xÞ and Sðx;xÞ ¼ Cðx;xÞ½ ��1 are the local stiffness and compli-
ance tensors associated with a x-realization of the composite,
respectively. In what follows, they are assumed to be defined by

Cðx;xÞ ¼
XK

r¼1

Crvrðx;xÞ; Sðx;xÞ ¼
XK

r¼1

Srvrðx;xÞ; ð5Þ

where Cr (resp. Sr) is the non-random stiffness (resp. compliance)
tensor of phase r. The displacement, strain and stress fields
udðx;xÞ; edðx;xÞ and rdðx;xÞ (resp. utðx;xÞ; etðx;xÞ and rtðx;xÞ)
solutions of the variational problem (3) (resp. (4)) are also solutions
of the following local problem

divðrðx;xÞÞ ¼ 0;
rðx;xÞ ¼ Cðx;xÞ : eðx;xÞ;
eðx;xÞÞ ¼ 1

2 ruðx;xÞþTruðx;xÞ
� �

9>=>; 8x 2 Xs
d

for ADBC : uðx;xÞ ¼ �e:x;
for UTBC : rðx;xÞ:nðxÞ ¼ �r:nðxÞ

�
8x 2 @Xs

d

8>>>>>><>>>>>>:
ð6Þ

The apparent moduli Cs;d
d ðxÞ and compliance Ss;t

d ðxÞ tensors satisfy
the relations

hrdðxÞisd ¼ Cs;d
d ðxÞ : �e; hetðxÞisd ¼ Ss;t

d ðxÞ : �r; ð7Þ

where hrdðxÞisd and hetðxÞisd account for the mean values over Vd of
the local fields rdðx;xÞ and etðx;xÞ, respectively as defined in Eq.
(2). Further, hrtðxÞisd ¼ �r and hedðxÞisd ¼ �e.

For ergodic and stationary materials, it has been shown
(Papanicolaou and Varadhan, 1978; Sab, 1992) that

lim
d!1

Cs;d
d ðxÞ ¼ lim

d!1
Ss;t

d ðxÞ ¼ Ceff ¼ Seff
� ��1

; ð8Þ

thus defining the effective behavior Ceff which does not depend on
either the BC or the realization x. In practice, Eq. (8) is satisfied, at a
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specified accuracy, for d greater than a critical size dRVE which de-
fines the size of the RVE.

2.2. Order relations for the apparent stiffness and compliance tensors

Consider, in 2D, a subdivision of Xs
d;X into four square-shaped

domains Xs
d0 ;Xi centered at points Xi ¼ X þ ð�L=4;�L=4Þ with same

size d0 ¼ d=2, same volume Vd0 ;Xi ¼ Vd=4 and such that
Xs

d;X ¼
S4

i¼1X
s
d0 ;Xi . In 3D, the subdivision requires eight domains but

the proofs are only given in 2D for the sake of simplicity. From
the solutions ud

ðiÞðx;xÞ of the local problems (6) defined for arbitrary
�e on the subdomains Xs

d0 ;Xi and associated with ADBC, we define a
virtual displacement field ~udðx;xÞ on the domain Xs

d;X , kinemati-
cally admissible with problem (6) associated with ADBC such that
its restriction to each subdomain Xs

d0 ;Xi corresponds to the field
ud
ðiÞðx;xÞ, i.e. ~udðx;xÞ ¼ ud

ðiÞðx;xÞ;8x 2 Xs
d0 ;Xi . The minimal potential

energy principle associated with problem (6) with ADBC and
applied to ~udðx;xÞ can be written

hrdðxÞ : �dðxÞisd;X 6 h~rdðxÞ : ~�dðxÞisd;X ð9Þ

where ~�dðx;xÞ and ~rdðx;xÞ are the kinematically admissible strain
and stress fields associated with ~udðx;xÞ. Applying Hill’s lemma to
both sides of Eq. (9) and recalling that Vd0 ;Xi ¼ Vd=4 yields

hrdðxÞisd;X : �� 6
1
4

X4

i¼1

h~rdðxÞisd0 ;Xi : ��: ð10Þ

Definition ð7Þ1 of the apparent moduli applied both to VEs Bs
dðxÞ

and Bs
d;Xi ðxÞ leads to

Cs;d
d;XðxÞ 6

1
4

X4

i¼1

Cs;d
d0 ;Xi ðxÞ ð11Þ

where order relations A 6 B between two fourth-order tensors A and
B should be understood in the sense of quadratic forms, i.e.
t : A : t 6 t : B : t for any second-order tensor t. In view of the as-
sumed stationarity of the material, EðCs;d

d;XÞ ¼ EðCs;d
d Þ and EðCs;d

d0 ;Xi Þ ¼
EðCs;d

d0 Þ;8i ¼ 1; . . . ;4; therefore 8dEðCs;d
d Þ 6 EðCs;d

d0 Þ for d0 ¼ d=2. Finally,
by making use of Eq. (8), we obtain the following order relations and
bounds for the effective behavior

Ceff
6 EðCs;d

d Þ 6 EðCs;d
d0 Þ 8d

0 ¼ d=2: ð12Þ

Similarly, by making use of the complementary energy principle ap-
plied to problem (6) (for details see Ostoja-Starzewski (2006)), a
hierarchy of upper bounds for the effective compliance is obtained
and reads

Seff
6 EðSs;t

d Þ 6 EðSs;t
d0 Þ 8d

0 ¼ d=2: ð13Þ

Combining Eq. (12) with (13), it follows
Fig. 1. VEs generation from a large microstructure: Squa
EðSs;t
d0 Þ

� ��1
6 EðSs;t

d Þ
� ��1

6 Seff
� ��1

¼Ceff
6 EðCs;d

d Þ6 EðCs;d
d0 Þ 8d

0 ¼ d=2:

ð14Þ

The scale-dependant hierarchy of lower and upper bounds for the
effective behavior (14) has been first derived by Huet (1990) and la-
ter by Sab (1992) but in a different manner. This relation shows that
the discrepancy between the upper and lower bounds decreases as
d increases, until tending towards zero for infinite d, where the va-
lue of the effective behavior is attained. The notations CSCþ

d ¼ EðCs;d
d Þ

and CSC�
d ¼ EðSs;t

d Þ
	 
�1

will be used to refer to these bounds based on
apparent behaviors of ‘Square Cells’.
2.3. Discussion

As mentioned in Section 1, numerical applications of relation
(14) provide good evaluations of the effective properties for situa-
tions with small to medium contrast between the phases
(Ostoja-Starzewski, 1998). However, for large contrast – e.g., rigid
particles or pores – the discrepancy between the upper and lower
bounds remains significant even for large value of d. Illustration of
this fact is given in Fig. 2 which reports the evolution of the Huet’s
bounds of the in-plane effective bulk modulus as functions of d for
a rigidly-reinforced material and a porous material composed of an
isotropic linear elastic matrix and aligned identical cylindrical fi-
bers with diameter d isotropically distributed in the transverse
plane. Details on the generation of such microstructures will be gi-
ven in Section 4.2. Calculations of the apparent behaviors have
been performed by means of the Finite Element (FE) software
Cast3M (CEA, 2003) coupled with the mesh generator Netgen
(Schoberl et al., 2003). For each value d, the ensemble averages
have been evaluated with 2000 different realizations x of the
microstructure. The average volume fraction of the fibers is
f I ¼ 15% and an isotropic linear elastic behavior has been assigned
to the fibers and the matrix, with kI

;lI; kM and lM denoting the
bulk and shear moduli of the fibers and the matrix, respectively.
The choice kM ¼ lM has been made for simplicity. The contrast
c ¼ kI

=kM ¼ lI=lM between the phase has been set to 104 for the
rigidly-reinforced composite and 10�4 for the porous material.
For all numerical applications presented here and later, we have
set lM ¼ 1.

The unphysically large (resp. low) values of the upper (resp.
lower) bound for the rigidly-reinforced (resp. porous) material oc-
curs because the part of the strain energy due to the particles
which intersect the edges of the cell becomes very large when
ADBC (resp. UTBC) are directly applied to rigid particles (resp.
pores). Thus, by applying unrealistic BC such as a direct enforce-
ment of affine displacement (resp. uniform traction) on the rigid
particles (resp. pores), the bounds obtained by Huet (1990) or
re Cell type VE (SC) (a) Voronoï type VE (VOR) (b).
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Fig. 3. Subdivision of a square VE associated with the approximate bound KAb
d .
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Sab (1992) strongly overestimate (resp. underestimate) the actual
effective properties.

It is worth noting that the evolution of the upper bound as a
function of d depicted in Fig. 2 can be predicted by a simple model
described as follows. In order to account for the part of the strain
energy due to the particles which intersect the edges of a square
cell of size L, the VE Bs

dðxÞ is subdivided into two parts as illus-
trated in Fig. 3. The first part Bð1Þd ðxÞ of domain Xð1Þd and volume
V ð1Þd ¼ 4dðL� dÞ consists of a boundary layer of thickness d such
that all the particles which intersect the edges of the VE are in-
cluded in Bð1Þd ðxÞ while the second part Bð2Þd ðxÞ of domain Xð2Þd

and volume V ð2Þd ¼ L2 � V ð1Þd ¼ ðL� 2dÞ2 is the core of the VE,
namely a square of size L� 2d. From this subdivision, we obtain

�e : Cs;d
d ðxÞ : �e ¼ 1

Vd
min

u2Ks
dð�eÞ

Z
Xs

d

eðuðxÞÞ : Cðx;xÞ : eðuðxÞÞdx

¼ 1
Vd

minu2Kð1Þð�eÞ

Z
Xð1Þ

d

eðuðxÞÞ : Cðx;xÞ : eðuðxÞÞdx

þ 1
Vd

min
u2Kð2Þð�eÞ

Z
Xð2Þ

d

eðuðxÞÞ : Cðx;xÞ : eðuðxÞÞdx

¼ �e :
V ð1Þd

Vd
CBL

d ðxÞ þ
V ð2Þd

Vd
Capp

d ðxÞ
 !

: �e ð15Þ

where the sets of kinematically admissible displacement fields
Kð1Þð�eÞ and Kð2Þð�eÞ are defined by

Kð1Þð�eÞ¼ uðxÞ=uðxÞ¼�e:x 8x2 @Xð1;outÞ
d ; uðxÞ¼udðx;xÞ 8x2 @Xð1;inÞd

n o
;

Kð2Þð�eÞ¼ uðxÞ = uðxÞ¼udðx;xÞ 8x2 @Xð2Þd

n o
: ð16Þ

In Eqs. (16), the displacement field udðx;xÞ corresponds to the solu-

tion of the local problem (6) for ADBC. The boundary @Xð1Þd is parti-

tioned in two parts @Xð1Þd ¼ @X
ð1;outÞ
d

S
@Xð1;inÞd ðxÞ where

@Xð1;inÞd ¼ @Xð2Þd and @Xð1;outÞ
d ¼ @Xs

d denote its inner and outer parts,

respectively. The tensors CBL
d ðxÞ and Capp

d ðxÞ defined by Eq. (15)
can be interpreted as the apparent stiffness tensors of the boundary
layer and the core of the VE, respectively, relative to these specific
BC. After taking ensemble averages of this equality and expliciting

the volume fractions V ð1Þ
d

Vd
and Vð2Þ

d
Vd

, one gets

EðCs;d
d Þ ¼ CSCþ

d ¼ EðCapp
d Þ þ

4
d

1� 1
d

� �
EðCBL

d Þ � EðCapp
d Þ

� �
: ð17Þ
In a first approximation, it can be assumed that the statistical
expectation of the apparent behavior of the boundary layer with
constant thickness d does only very slightly depend on d and that
the statistical expectation of the apparent modulus of the core
can be evaluated by a modelling approach which does not artifi-
cially over-evaluate the effective properties, since it is based on
much more realistic boundary conditions. It could for instance be

approximated by the bound E CVORþ
d

� �
proposed in Section 3 of this

paper. Combining these considerations with (12) and noting in
addition that the contribution of the boundary layer is predomi-
nant, i.e. EðCBLÞ 	 EðCapp

d Þ, one gets:

Ceff
6 CSCþ

d 
 EðCVORþ
d Þ þ 4

d
1� 1

d

� �
EðCBLÞ: ð18Þ

This relation can be further simplified by noting that the depen-
dance with d of the first term of the second member is likely to
be much weaker than that of the second (see Section 3), so that
the substitution EðCVORþ

d Þ 
 EðCVORþ
1 Þ ¼ Ceff can be made, which is

consistent with the limit EðCs;d
1 Þ ¼ Ceff . The following approximate

scaling of EðCs;d
d Þ with d is finally obtained:

Ceff
6 CSCþ

d 
 CAb
d ¼ Cð1Þ þ 4

d
1� 1

d

� �
Cð2Þ; with Cð1Þ

¼ Ceff and Cð2Þ ’ EðCBLÞ: ð19Þ
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A fitting of the in-plane bulk modulus KSCþ
d of the bound CSCþ

d reported
in Fig. 2(a) with the approximate bound (Ab) KAb

d ¼ Kð1Þþ 4
d 1� 1

d

� �
Kð2Þ,

where Kð1Þ has been evaluated by 2Kð1Þ ¼ 2Keff 
 KSCþ
30 þ KSC�

30 allows
to determine the constant Kð2Þ 
 EðKBLÞ and consequently the whole
dependence of KAb

d on d. The variations of KAb
d and KSCþ

d with respect
to d are reported in Fig. 4. A relatively good agreement between both
curves is obtained, thus showing that the evolution of Huet’s upper
bound KSCþ

d as a function of d for rigidly-reinforced materials is essen-
tially due to the predominant contribution of the boundary layer to
the apparent behaviors when ADBC are applied. Of course, the
approximate bound defined by Eq. (19) should not be understood
as a rigorous result but rather as a simplified approach aiming at eval-
uating in a very simplified way the contribution of the boundary layer
which dominates the dependence of the SC + bounds with d. In this
regard, the discrepancy observed for small values of d between the
SC + and approximate bounds is probably due to the crude approxi-
mation assuming that the apparent behavior of the boundary layer
does not depend on d. To this regard, it is worth noting that the evo-
lution of the upper bound KSCþ

d with respect to d can be very well fitted
with the simpler scaling law K3=dþ Keff as shown in Fig. 4 – the con-
stant K3 being fitted numerically in agreement with KSCþ

d at d ¼ 30.
For the in-plane deviatoric behavior, because of the quadratic

anisotropy of Huet’s upper bound generated by the square shape
of the VEs, the simple approach described by Eq. (19) needs to be
slightly modified to fully describe the evolution of CSCþ

d . For the sake
of clarity, this modified approach will be described in Section 4.5.3
devoted to the specificities induced by square shaped VEs. How-
ever, the key point is still that the blow-up of in-plane deviatoric
moduli is produced by the particles which intersect the edges of
the cells. Note that another closed-form scaling function describing
the evolution with respect to d of the apparent tensor of moduli –
namely a nonlinear combination of KSCþ=�

d and GSCþ=�
d – has been ob-

tained for linear elastic random polycrystals by Ranganathan and
Ostoja-Starzewski (2008) but does not apply to the present context.
Let us finally mention that making use of the classical Voigt upper
bound (Voigt, 1889) to estimate the apparent behavior of the
boundary layer, i.e. CBL 
 f ICI þ ð1� f IÞCM , results in an approxi-
mate upper bound CAb

d that strongly overestimates Huet’s upper
bound CSCþ

d . Indeed, the assumption made by Voigt’s approach
which considers that the strain inside the quasi-rigid particles
ðc ¼ 104Þ belonging to the boundary layer is uniform and equal to
the imposed strain �e is too strong and should be relaxed. Only some
components eijðxÞ of the local strain tensor turn out to be equal to �eij,
and that only in a small part of the particles intersecting the edges
of the VE.
3. Improved procedure to bound the effective properties of
matrix-inclusion random composites

To avoid the above-mentioned limitation of Huet’s approach –
namely the blow up or vanishing for high contrast of the bounds
of the effective properties generated by a direct application of uni-
form strain or stress BC on the particles, we describe in this section
a new procedure to bound the effective properties of random com-
posites which relies on the construction of non-square (or non-cu-
bic in 3D) VEs whose boundaries do not intersect the particles.

3.1. Non-square VEs

In order to design VEs forbidding any direct application of
boundary conditions to particles, the random microstructures con-
sidered in this paper are of matrix-inclusion type only. It is assumed
that no contact occurs between the inclusions which can be of any
size and any shape. The new VEs are defined as elementary cell
assemblages, each elementary cell being composed of a sole inclu-
sion surrounded by matrix. To generate such VEs, we consider a
very large square window of the microstructure BðxÞ – namely a
Representative Volume Element (RVE) – and perform a subdivision
(e.g. a Voronoï subdivision) of this microstructure into M non-over-
lapping elementary cells where M is the number of inclusions in
this window , such that the union of these cells coincides with
the large window. Then, n non-overlapping square windows Xs

d;Xk

(n being the number of realizations) of size d and centers Xk

ðk ¼ 1 . . . nÞ are extracted from the RVE. They are used to generate
n non-square domains Xd;Xk

ðxÞmade of the set of elementary cells
the centers of which belong to Xs

d;Xk
, the center of each elementary

cell being defined as the center of mass of its inclusion. Each VE
Bd;XðxÞ is therefore a restriction of a realization of the composite
BðxÞ to its corresponding non-square domain Xd;XðxÞ derived from
the subdivision into elementary cells. Note that the upperscript s
introduced in Section 2.1 to denote square VEs is left over for
non-square VEs. A classical manner to generate the elementary cell
is to subdivise the RVE into M Voronoï cells, each cell being made of
a sole inclusion surrounded by matrix (see Fig. 1(b)). Such a way to
generate non-square VEs by means of Voronoï cell assemblages can
be interpreted as an extension of the scheme proposed by Daniels-
son et al. (2007) for periodic random microstructures to fully ran-
dom microstructures. The Voronoï subdivision is well adapted to
matrix-inclusion microstructures for which the inclusions are of
same shape or size, as it will be the case in the numerical applica-
tions presented hereafter. However, for inclusions of different sizes
or/and shapes, a more general subdivision should be considered.
One instance of subdivision can be derived from the distance func-
tion dðx; IiÞ between a point x belonging to the RVE and an inclusion
i ði ¼ 1; . . . ;MÞ of domain Ii defined as dðx; IiÞ ¼miny2Ii

dðx; yÞ where
dðx; yÞ is the euclidian distance between two points x; y. The ele-
mentary cell number i is then defined, as by e.g. Bilger et al.
(2005), by the set Xi ¼ fx 2 RVE; 8j – i; dðx; IiÞ 6 dðx; IjÞg, thus char-
acterizing the subdivision thoroughly.

An other example of subdivision suitable for matrix-inclusion
composites with particles of different sizes and/or shapes is pro-
vided by the Morphologically Representative Pattern -based
description of the microstructure developed by Stolz and Zaoui
(1991) and Bornert et al. (1996). In this approach, the heteroge-
neous medium is described as a set of disjoint subdomains that
map the whole RVE. It is assumed that these domains may be
grouped into families with identical geometries and mechanical
properties within the same family. These families are called ‘‘Mor-
phologically Representative Patterns’’ (MRP). The way to define
precisely the MRP is reported in Bornert et al. (1996). An example
of pattern could be a particle of given size and shape surrounded
by a layer of matrix – several possibilities to define its external
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shape are conceivable. The classical Hashin Composite Spheres
Assemblage (CSA) (Hashin, 1962) is one example of MRP-based
subdivision for a ‘‘theoretical’’ microstructure consisting of spher-
ical inclusions of different sizes embedded in a matrix such that
the union of all the patterns, i.e. the composite inclusions, fills
the whole RVE. For the CSA, each composite inclusion consists of
an inclusion surrounded by a spherical layer of matrix such that
the inclusion volume fraction inside the pattern is equal to the
inclusion volume fraction of the RVE.

An example of VEs generated by the above-mentioned scheme
and issued from a Voronoï subdivision of a matrix-inclusion
composite made of randomly distributed fibers of same size and
orientation is reported in Fig. 1(b). In 3D-situations, non-cubic
VEs can be obtained by the same methodology. In what follows,
for the sake of simplicity, only 2D-situations are considered.
However, all the obtained results still hold in 3D-situations since
they can be enlarged in a straightforward way by making use of
non-cubic VEs.

3.2. New bounds for linear matrix-inclusion random composites

To derive new bounds for the effective properties, a key point is
to notice that the shape and volume of the non-square VEs BdðxÞ
derived by the methodology described in the previous section de-
pend on the realization x. Again, because of the stationarity of
the random set B, the spatial dependence on X is not specified un-
less required. Accordingly, all the definitions given in Section 2.1
for deterministic domains Xs

d and volumes Vd associated with
square VEs can be enlarged to the non-square domains XdðxÞ and
their volumes VdðxÞ which are now random variables. More
precisely, the apparent behaviors associated with ADBC or UTBC
are defined by

8�e;VdðxÞ �e : Cd
dðxÞ : �e ¼ inf

u2Kdð�e;xÞ

Z
XdðxÞ

eðuðxÞÞ : Cðx;xÞ : eðuðxÞÞdx;

with Kdð�e;xÞ ¼ uðxÞ=uðxÞ ¼ �e:x 8x 2 @XdðxÞf g; ð20Þ

8�r;VdðxÞ �r : St
dðxÞ : �r ¼ inf

r2Sdð�r;xÞ

Z
XdðxÞ

rðxÞ : Sðx;xÞ : rðxÞdx;

with Sdð�r;xÞ ¼ rðxÞ = divðrðxÞÞ ¼ 0 8x 2 XdðxÞ;f
rðxÞ:nðx;xÞ ¼ �r:nðx;xÞ 8x 2 @XdðxÞg: ð21Þ

By extending Huet approach to non-square VEs, the following prop-
erty is obtained:

For non-square VEs such as the ones defined in Section 3.1,
8d 2 Rþ and for d0 ¼ d=2, we have

E
Vd0

EðVd0 Þ
St

d0

� ��1

6 E
Vd

EðVdÞ
St

d

� ��1

6 Seff
� ��1

¼ Ceff
6 E

Vd

EðVdÞ
Cd

d

� �
6 E

Vd0

EðVd0Þ
Cd

d0

� �
: ð22Þ

Derivation of (22): For the sake of simplicity, the proof of Eq.
(22) is given for a Voronoï subdivision of the microstructure know-
ing that it still works for more general partitions such as the ones
described in the previous section. Similarly to Huet’s approach, the
VE Bd;XðxÞ of size d and center X is subdivided into four disjoined
sub-VEs Bd0 ;Xi ðxÞ of size d0 ¼ d=2, centers Xi ¼ X þ ð�L=4;�L=4Þ,
volume Vd0 ;Xi ðxÞ, and such that BdðxÞ ¼

S4
i¼1Bd0 ;Xi ðxÞ. The VEs

Bd0 ;Xi ðxÞ are derived in the same way than Bd;XðxÞ, i.e. they are
defined as the set of Voronoï cells of the microstructure BðxÞ the
centers of which belong to the square domain Xs

d0 ;Xi of size d0 and
centers Xi. As shown on Fig. 1(b), the VEs Bd;XðxÞ and Bd0 ;Xi ðxÞ are
non-square and no particle intersects their border. Again, from
the solutions ud

ðiÞðx;xÞ of the local problems (6) now defined on
the non-square subdomains Xd0 ;Xi ðxÞ and submitted to ADBC, a
virtual displacement field ~udðx;xÞ defined on the domain Xd;XðxÞ
and kinematically admissible with problem (6) associated with
ADBC is built such that its restriction to each subdomain Xd0 ;Xi ðxÞ
corresponds to the fields ud

ðiÞðx;xÞ, i.e. ~udðx;xÞ ¼ ud
ðiÞðx;xÞ;

8x 2 Xd0 ;Xi ðxÞ. The minimal potential energy principle associated
with problem (6) defined on Xd;XðxÞ for ADBC and applied to
~udðx;xÞ leads to Eq. (9) with Xs

d;XðxÞ replaced by Xd;XðxÞ. Applying
Hill lemma to both sides of Eq. (9) and making use of the definition
(20) of the apparent behavior now applied to both VEs Bd;XðxÞ and
Bd;Xi ðxÞ give

Vd;XðxÞCd
dðxÞ 6

X4

i¼1

Vd0 ;Xi ðxÞCd
d0 ;Xi ðxÞ: ð23Þ

In view of the assumed stationarity of the material,
EðVd0 ;Xi Cd
d0 ;Xi Þ ¼ EðVd0C

d
d0 Þ; EðVd0 ;Xi Þ ¼ EðVd0 Þ ¼ EðVdÞ=4

¼ EðVd;XÞ=4 8i ¼ 1; . . . ;4: ð24Þ

Averaging inequality (23) and making use of relations (24) yields
8d; EðVdCd
dÞ

EðVdÞ
6

EðVd0C
d
d0 Þ

EðVd0 Þ
for d0 ¼ d=2: ð25Þ

Since Eq. (8) implies

lim
d!1

EðVdCd
dÞ

EðVdÞ
¼ EðVd!1CeffÞ

EðVd!1Þ
¼ Ceff ; ð26Þ

we have

8d; Ceff
6

EðVdCd
dÞ

EðVdÞ
6

EðVd0C
d
d0 Þ

EðVd0 Þ
for d0 ¼ d=2: ð27Þ

By the same reasoning but using the complementary energy princi-
ple applied to problem (6) now defined on BdðxÞ for UTBC, the fol-
lowing new hierarchy of upper bounds for the effective compliance
is obtained

8d; Seff
6

EðVdSt
dÞ

EðVdÞ
6

EðVd0S
t
d0 Þ

EðVd0 Þ
for d0 ¼ d=2: ð28Þ

Combining Eq. (27) with (28) leads to (22), thus ending the proof.
In what follows, for ease of notation, we make use of the

definitions

CVORþ
d ¼ E

Vd

EðVdÞ
Cd

d

� �
; CVOR�

d ¼ E
Vd

EðVdÞ
St

d

� ��1

; ð29Þ

for the Voronoï CVORþ=�
d type upper and lower bounds.

3.3. Statistical estimation

The ensemble averages used in the new bounding theorem (22)
differ from the ones employed in Huet’s bounds (14) since a weight
VdðxÞ
EðVdÞ

is now allocated to Cd
dðxÞ (resp. St

dðxÞ). To estimate these
ensemble averages the following methodology is used. As
described in Section 3.1, from the large microstructure BðxÞ are ex-
tracted n VEs Bd;Xi ðxÞ (i ¼ 1 . . . n) each consisting of a Voronoi cells
assemblage, the centers of which belong to their corresponding
square cell of size d and center Xi. From the ergodic property, each
VE Bd;Xi ðxÞ can be understood as a xi-realization Bd;XðxiÞ of the
microstructure of size d and center X, defined as the restriction of
the xi-realization BðxiÞ of the composite to the domain Xd;XðxiÞ,
i.e. Bd;XðxiÞ � Bd;Xi ðxÞ. Again, because of the stationarity property,
the dependence on X is omitted. Considering a n-sample
ðCd

dðxiÞ;VdðxiÞÞ; xi 2 H;1 6 i 6 n
� �

of the couple (Cd
d ;Vd), the

ensemble averages in Eq. (22) can be estimated by
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En
VdCd

d

EnðVdÞ

 !
¼
Pn

i¼1VdðxiÞCd
dðxiÞPn

i¼1VdðxiÞ
; ð30Þ
where the subscript n means that the expectation is performed by
using n realizations of the couple (Cd

d ;Vd).
A second and perhaps more relevant estimate can be obtained

by given a statistical meaning to the weight VdðxÞ
EðVdÞ

. For that, we still
start from the subdivision of the large microstructure BðxÞ into n
VEs BdðxiÞ and we consider N points xI ¼ xðxIÞ;1 6 I 6 N;xI

2 H;N 	 n, randomly and uniformly distributed over BðxÞ. Then
we associate to each point xI the apparent modulus Cd

d (or compli-
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Fig. 7. Finite Element mesh of a non-square Voronoï type VE (a) Rigidly reinforced compo
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ance St
dÞ of the VE to which the point xI belongs. The mean EðCd

dÞ can
then be estimated by

ENðCd
dÞ ¼

1
N

XN

I¼1

Cd
dðxIÞ ¼

Pn
i¼1

PndðxiÞ
j¼1 Cd

dðxiÞPn
i¼1

PndðxiÞ
j¼1

¼
Pn

i¼1ndðxiÞCd
dðxiÞPn

i¼1ndðxiÞ

ð31Þ

where ndðxiÞ is the number of points xI which belong to the VE
BdðxiÞ. In Eq. (31), we made use of the fact that Cd

dðxIÞ ¼ Cd
dðxiÞ

for each point xI belonging to BdðxiÞ. Since the points xI are uni-
formly distributed over BðxÞ; ndðxiÞ is related to VdðxiÞ by a linear
relation ndðxiÞ ¼ .VdðxiÞ where . is the volume density number,
i.e. the number of points xI which belong to a unit volume. The sca-
lar . does not depend neither on xi nor on d. Accordingly, Eq. (31)
can be rewritten as

ENðCd
dÞ ¼

1
N

XN

I¼1

Cd
dðxIÞ ¼

Pn
i¼1VdðxiÞCd

dðxiÞPn
i¼1VdðxiÞ

¼ En
VdCd

d

EnðVdÞ

 !
; ð32Þ

and thus provides another estimate of the ensemble average in Eq.
(22). From a theoretical viewpoint, this second approach is more rel-
evant than the first one since we are left with classical expectations
where each realization has the same weight. However, from a prac-
tical point of view, the expectation, the standard deviation as well as
the distribution function of the random variables Cd

dðxÞ; S
t
dðxÞ are

computed by taking into account the weight VdðxiÞ
EðVdÞ

associated with
each realization xi. In what follows, for ease of notation, the sub-
scripts N and n used in Eqs. (30)–(32) will be omitted.

4. Application: transverse response of random linear
composites

The bounding theorem (22) presented in Section 3.2 holds for
two or three dimensional matrix-inclusion random composites.
However, in order to reduce the numerical cost required to com-
pute the apparent behaviors for each realization, we consider as
a first illustration the case of a composite made of a matrix and
aligned fibers which can be addressed by means of low cost 2D
numerical simulations. For such composites, it becomes possible
to compute the ensemble averages of the apparent behaviors by
making use of at least 1000 different realizations for each VE size
d with standard computational power.

4.1. Material description

More precisely, the studied material is a two-phase composite
consisting of a matrix and aligned identical cylindrical fibers ran-
domly and isotropically distributed in the transverse plane. Each
phase is assumed to be isotropic and to follow Hooke’s law. The
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bulk and shear moduli of the constituents of the composite are gi-
ven by kM ¼ lM ¼ 1 for the matrix and kI ¼ lI ¼ c for the inclu-
sions. Due to rotational invariance along the fiber axis e3 of both
the constitutive relations of the phases and the statistics of their
spatial distribution, the effective behavior of the linear composite
is transversally isotropic. The same property holds true for the
upper and lower bounds CVORþ�

d obtained in (22). Indeed, although
each realization of the apparent behavior Cd

dðxÞ; S
t
dðxÞ is not trans-

versally isotropic since the spatial distribution of the fibers in a
finite size VE BdðxÞ is not transversally isotropic for d 6 dRVE, their
ensemble average is transversally isotropic since averaging over
the whole set of realizations amounts to average over the whole
possible orientations of the microstructure of the VEs, thus leading
to an overall transversally isotropic behavior.1
1 Rigorously speaking, the VOR bounds still depend on the geometry of the square
domains Xs

d by which the Voronoï cells are selected to define the VEs. Therefore, they
may keep some kind of quadratic symmetry. But in practice, this anisotropy is so
small that it can be neglected.
In order to simplify the computations, we only consider the
transverse response of the composite. The local problem to be
solved can thereby be reduced in plane strain framework to a
two-dimensional problem for which the fibers are represented by
disks of same diameter d and the VEs are subjected to in-plane
loading. Due to the transversally isotropic property of both the
effective behavior and its Voronoï type bounds, their in-plane
behavior is fully characterized by their in-plane bulk and shear
moduli.
4.2. Microstructure generation

The microstructure of the material is generated by the following
way. The centers of the disks are randomly implemented by a Pois-
son process in a large window of size 125d containing approxima-
tively 3000 fibers for f ¼ 15%. A constraint on the minimal
distance between the disks of same diameter d is imposed to pre-
vent overlapping and contact. In this process, the disk are gener-
ated sequentially: if the current disk the position of which is
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randomly chosen in the large window does not satisfy the minimal
distance requirement, it is rejected and a new one is generated
until the distance condition is fulfilled. New disks are added until
the prescribed porosity is reached. The overall inclusion volume
fraction can be monitored precisely for the size of the microstruc-
ture BðxÞ is much larger than the fibers diameter d. Since Finite
Element calculations are used in this work to compute the appar-
ent behaviors, a strictly positive minimal distance between the
disks of 3:5%d (cherry pit model) has been prescribed to prevent
mesh difficulties. It is well known that such a way to generate
the microstructure – which is a slightly modified version of the
well-known random sequential adsorption (RSA) algorithm – is
not able to deal with volume fractions greater than about 35% in
2D. To generate matrix-inclusion microstructures with higher vol-
ume fractions, it is needed to use more sophisticated algorithm
such as the simulated annealing algorithm (Gusev, 1997; Rintoul
and Torquato, 1997). Such an implementation is left for future
work. Lastly, it should be noted that the stochastic process used
to generate the microstructure of the material – i.e the modified
Poisson process sustaining the modified RSA algorithm – is unique
and thoroughly characterized. Accordingly, the effective properties
as well as the VOR bounds associated with this specific and com-
pletely characterized microstructure are uniquely defined and, as
a consequence of Eq. (8), have the same values when d! þ1.

4.3. Voronoï subdivision and non-square VEs generation

From the large microstructure generated in Section 4.2, a
Voronoï subdivision is performed by using a Matlab function. Then,
similarly to Section 3.1, n square windows of same size L ¼ dd are
extracted from this subdivision and are used to generate n non-
square VEs made of the set of elementary Voronoï cells the centers
of which belong to a same d-sized window. The n square windows
of same size d are extracted sequentially by means of a Poisson
process providing the centers of the square windows. In order to
prevent windows overlapping and possible statistical bias, a mini-
mal distance of 2d between the centers is imposed. Similarly to the
implementation of the disk centers, if the current windows center
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does not satisfy the minimal distance requirement, it is rejected
and a new one is generated until the distance condition is fulfilled.
Ideally, a single very large microstructure is enough to extract n
windows of same size d and generate n non-square VEs. However,
the computational time to perform a Voronoï subdivision by Mat-
lab seems to follow an exponential growth function of the size of
the microstructure, thus leading to prohibited computational times
for very large microstructures. In practice, as mentioned in the pre-
vious section, large microstructures of size 125d are generated. For
each of these microstructures, mðdÞ square windows are extracted.
The parameter mðdÞ is adjusted numerically for each size d once for
all: for instance mð2Þ ¼ 25;mð8Þ ¼ 5 and for d larger than 20
mðdÞ ¼ 1. The number MðdÞ of generated microstructures required
to built n non-square VEs is given by MðdÞ ¼ bn=mðdÞc þ 1 where
bxc denotes the integer part of x. Such a process is performed for
each size d considered. For numerical applications,
1000 6 n 6 2000. The generation of both the microstructures and
the non-square VEs is performed by means of C++ subroutines.
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4.4. Computation of the apparent behavior

4.4.1. local problem
Once the non-square VEs BdðxÞ are generated, the apparent

behaviors for ADBC and UTBC are computed. Since we focus on
the transverse response of the composite, the local problem to be
solved can be dealt with as a 2D problem in the plane strain
framework.

In plane strain, second-order tensor fields such as the strain and
in-plane components of the stress fields admit the decomposition

e ¼ emiþ epseps þ essess; r ¼ rmiþ rpseps þ rssess ð33Þ

where the second-order tensors i; eps and ess are given on the consid-
ered cartesian basis by

i ¼ e1 � e1 þ e2 � e2; eps ¼ e1 � e1 � e2 � e2;

ess ¼ e1 � e2 þ e2 � e1: ð34Þ
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The scalars em; eps; ess (resp. rm;rps;rss) are the hydrostatic, pure
shear and simple shear components of the strain (resp. stress) field.
The 2D local problem to be solved is defined as

divðrðx;xÞÞ¼0;
rmðx;xÞ¼2Kðx;xÞemðx;xÞÞ; rdðx;xÞ¼2lðx;xÞedðx;xÞÞ;
eðx;xÞÞ¼ 1

2 ruðx;xÞþTruðx;xÞ
� �

;

9>=>; 8x2XdðxÞ

for ADBC : uðx;xÞ¼ �e:x;
for UTBC : rðx;xÞ:nðx;xÞ¼ �r:nðx;xÞ;

�
8x2 @XdðxÞ

8>>>>>><>>>>>>:
ð35Þ

where

Kðx;xÞ¼
X

r¼I;M

Krvrðx;xÞ; Kr¼krþlr=3;lðx;xÞ¼
X

r¼I;M

lrvrðx;xÞ:

ð36Þ

In Eqs. (35) and (36), the superscript d denotes the deviatoric part of
the strain and stress tensors and Kr is the in-plane bulk modulus of
phase r. The in-plane macroscopic strain �e and stress �r also take the
form of Eq. (33).
4.4.2. Apparent behavior in plane strain framework
As explained in Section 4.1, the apparent behaviors Cd

dðxÞ and
St

dðxÞ are not transversally isotropic for a VE of finite size
d 6 dRVE. In plane strain conditions, they are given by

Cd
dðxÞ¼2Kd

dðxÞJT þ2kd
dðxÞEpsþ2ld

dðxÞEssþ2ad
dðxÞE

s
m;psþ2bd

d ðxÞE
s
m;ss

þ2cd
dðxÞE

s
ps;ss

St
dðxÞ¼

1
2Kt

dðxÞ
JT þ

1
2kt

dðxÞ
Epsþ

1
2lt

dðxÞ
Essþ

1
2at

dðxÞ
Es

m;psþ
1

2bt
dðxÞ

Es
m;ss

þ 1
2ct

dðxÞ
Es

ps;ss;

ð37Þ

where the fourth-order tensors JT ; Eps; Ess; E
s
m;ps; E

s
m;ss; E

s
ps;ss are defined

by

JT ¼
1
2

i� i; Eps ¼
1
2

eps�eps; Ess ¼
1
2

ess�ess; Es
m;ps ¼

1
2

i�epsþeps� i
� �

;

Es
m;ss ¼

1
2

i�essþess� ið Þ; Es
ps;ss ¼

1
2

eps�essþess�eps
� �

:

ð38Þ

The fourth-order tensor JT is the usual spherical projector in the
transverse plane while the tensors Eps; Ess introduced by Willot et
al. (2008) are projectors on the subspace of deviatoric second-order
tensors spanned by eps and ess, respectively. The remaining tensors
Es

m;ps; E
s
m;ss; E

s
ps;ss allow for the coupling between hydrostatic, pure

shear and simple shear components. They are introduced to fully
characterize any material anisotropy in plane strain conditions.
The scalars Kd;t

d ðxÞ are the in-plane apparent bulk modulus for
ADBC (d) and UTBC (t) while kd;t

d ðxÞ;l
d;t
d ðxÞ are the in-plane appar-

ent pure shear and simple shear moduli, respectively. The other
apparent material properties ad;t

d ðxÞ;b
d;t
d ðxÞ; c

d;t
d ðxÞ characterize

the coupling between hydrostatic, pure shear and simple shear
components.

The 6 components of the apparent moduli tensor Cd
dðxÞ are clas-

sically computed for each x-realization of this tensor by solving
the local problem (35) for 3 different ADBC, i.e. �e ¼ i; �e ¼ eps and
�e ¼ ess, thus providing the wanted quantities by averaging the local
stress over the whole VE BdðxÞ for each loading. The components of
St

dðxÞ are similarly derived by applying to (35) in-plane hydro-
static, pure shear and simple shear homogeneous stress compo-
nents, respectively again in the plane strain framework. Any
numerical scheme able to solve the local problem (35) can be
employed to compute the apparent behaviors. In the sequel, the
FE method will be used.
4.5. Bounds for the effective behavior

4.5.1. Exact expressions
As explained in Section 4.1, due to rotational invariance along

the fiber axis, the effective behavior Ceff and the ensemble average
of the apparent behavior associated with non-square VEs, i.e.
CVORþ=�

d , are transversally isotropic. Accordingly, they read

Ceff ¼2Keff JT þ2Geff KT ; CVORþ=�
d ¼2KVORþ=�

d JT þ2GVORþ=�
d KT ; ð39Þ

where K and G denote the in-plane bulk and shear moduli. The
tensor KT , introduced first by Walpole (1981) and defined by
KT ¼ Eps þ Ess ¼ I � JT , is the usual projector on the subspace of
purely in-plane deviatoric second-order tensors and I is the
fourth-order symmetric identity tensor. Recalling the definition
(29) of CVORþ=�

d together with Eqs. (37) and applying purely hydro-
static or deviatoric macroscopic strain to Eq. (22) provide the ex-
pected new upper and lower bounds of the effective in-plane bulk
and shear moduli of the composite as

1
2

JT :: E St
d

� �� ��1 ¼ KVOR�
d 6 Keff

6 KVORþ
d ¼ 1

2
JT :: E Cd

d

� �
;

1
4

KT :: E St
d

� �� ��1 ¼ GVOR�
d 6 Geff

6 GVORþ
d ¼ 1

4
KT :: E Cd

d

� �
:

ð40Þ

As mentioned in Section 3.3, the expectations in Eq. (40) and in all
the formulae associated with the Voronoï type bounds should be
understood in the sense of Eq. (32). In numerical applications, the
computation of the in-plane bounds of the effective behavior are
carried out by means of formula (40). In practice, it amounts to
compute E Cd

d

� �
; E St

d

� �� ��1
and to extract, on the one hand, the JT

components of these tensors which correspond to the bounds of
the effective in-plane bulk modulus and, on the other hand, the half
sum of their Eps and Ess components to derive the bounds of the
effective in-plane shear modulus. However, for transversally isotro-
pic behaviors as considered in this study, the Voronoï type bounds
can also be estimated by the following expressions

KVORþ
d ¼ E Kd

d

� �
; KVOR�

d ¼ E
1
Kt

d

 ! !�1

; GVORþ
d ¼ E kd

d

� �
¼ E ld

d

� �
¼ E

kd
d þld

d

2

 !
;

GVOR�
d ¼ E

1
kt

d

 ! !�1

¼ E
1
lt

d

� �� ��1

¼1
2

E
1
kt

d

 ! !�1

þ E
1
lt

d

� �� ��1
0@ 1A:

ð41Þ

Formulae (41) are easily derived by making use of both the trans-
verse isotropy and definition of CVORþ=�

d .

4.5.2. Approximate expressions
The evaluation of the bounds (40) requires to compute the

expectations E Cd
d

� �
and E St

d

� �� ��1
. In practice, only estimates of

the exact value of these ensemble averages are computed according
to definition (30). However, the obtained results are not strictly
bounds of the effective behavior. They are only numerical approxi-
mations of the exact bounds and their accuracy increases with the
number of realizations n. The numerical accuracy of these approxi-
mations can be quantified by means of the notion of confidence
interval (CI). If we consider a random variable XðxÞ and the unbi-
ased estimators X̂ðxÞ ¼ 1

n

Pn
i¼1XiðxÞ; bS2

n ¼ 1
n�1

Pn
i¼1ðXiðxÞ � X̂nðxÞÞ2

of its mean EðXÞ and variance r2ðxÞ, where X1ðxÞ; . . . ;XnðxÞ are n
independent replications of XðxÞ, the confidence interval of level

1� a 2 0;1� ½ of EðXÞ associated with the random n-sample

X1ðxÞ; . . . ;XnðxÞð Þ is defined as a random interval ĈIn
1�aðEðXÞÞðxÞ

of the real line such that P ĈIn
1�a EðXÞð ÞðxÞ 3 EðXÞ

� �
¼ 1� a. In the

symmetric case such an interval is of the form: ĈIn
1�aðEðXÞÞ

ðxÞ ¼ X̂nðxÞ � tða;nÞbSnðxÞffiffi
n
p ; X̂nðxÞ þ tða;nÞbSnðxÞffiffi

n
p

� �
where tða;nÞ is a
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positive real number whose value is estimated from the equality

P
^
XnðxÞ�EðXÞ
�� ��bSnðxÞ=

ffiffi
n
p 6 tða;nÞ

� �
¼ 1� a and by using the fact that the ran-

dom variable
ffiffiffi
n
p

X̂nðxÞ � EðXÞ
� �

=bSnðxÞ approximately follows a

Student distribution with n� 1 degrees of freedom if n is sufficiently
large. From this result, a deterministic ð1� aÞ-confidence interval
CIn

1�aðEðXÞÞ can be constructed for EðXÞ. Let ðX1ðxÞ; . . . ;XnðxÞÞ be a
numerical n-sample of XðxÞ, where ðXðxiÞ;xi 2 H;1 6 i 6 nÞ are n
independent realizations of XðxÞ. Then, CIn

1�aðEðXÞÞ is given by

CIn
1�aðEðXÞÞ ¼ Xn � tða; nÞ Snffiffiffi

n
p ;Xn þ tða;nÞ Snffiffiffi

n
p

� �
ð42Þ

where Xn ¼ 1
n

Pn
i¼1XðxiÞ and S2

n ¼ 1
n�1

Pn
i¼1ðXðxiÞ � XnÞ2. Such an

interval can be seen as a particular realization of the random interval

ĈIn
1�aðEðXÞÞðxÞ (Casella and Berger, 2001). Thus, the length tða;nÞSnffiffi

n
p is a

probabilistic characterization of the relative accuracy of the esti-
mated expectation value Xn. The result (42) is theoretically estab-
lished only in the case of unbiased estimates Xn and S2

n which are
defined by giving the same weight to each realization. In the numer-
ical applications, we consider an extension of (42) where Xn and Sn

are now defined by means of different weight VdðxiÞ=V d as

Xn¼
1
n

Xn

i¼1

VdðxiÞ
Vd

XðxiÞ; S2
n ¼

1
n�1

Xn

i¼1

VdðxiÞ
Vd

ðXðxiÞ�XnÞ2: ð43Þ

where Vd ¼ 1
n

Pn
i¼1VdðxiÞ.

It should be noted that the CI (42) associated with definitions
(43) has no rigorous theoretical foundation and is only a heuristic
extension of the classical definition (42) associated with equal-
weighted ensemble average.

An interesting illustration of the CI notion can be obtained by
introducing the estimated upper Kþd;est and lower K�d;est bounds of
the effective behavior. These bounds are defined by

Kþd;est ¼ Kd
d þ ‘

CI E Kd
d

� �� �
; K�d;est ¼ 1=Kt

d þ ‘
CI 1=Kt

d

� �� ��1
ð44Þ

where ‘CIðEðXÞÞ denotes the half length of the (1� a)-confidence
interval of EðXÞ, i.e. ‘CIðEðXÞÞ ¼ tða;nÞSnffiffi

n
p . To simplify the notations in

Eq. (44), the dependence on n of X and on n and a of both
‘CIðEðXÞÞ and X�est has been omitted. The definition of the confidence
interval implies

P K�d;est 6 Keff
6 Kþd;est

� �
P 1� a: ð45Þ

Note that the ensemble averages X used in Eq. (44) should be
understood as weighted ensemble averages as defined in (43) when
Kþd;est and K�d;est are derived by means of the Voronoï type approach
whereas the same notation X corresponds to the classical equal-
weighted ensemble average when associated with the classical
Huet’s approach. The same holds true for the estimate S of the stan-
dard deviation.

4.5.3. Specificities associated with square VEs
For square VEs, the ensemble averages of the apparent behavior,

i.e. CSCþ=�
d , exhibit quadratic symmetry unlike the bounds CVORþ=�

which are (almost) transversally isotropic. Indeed, although we still
have rotational invariance along the fiber axis e3 of both the consti-
tutive relations of the phases and the phase distribution (when
averaging over the whole set of realizations), the shape of each
square VE whose sides are parallel to the reference axes e1; e2 leads
to a quadratic symmetry with respect to e1; e2. Therefore,

CSCþ=�
d ¼ 2KSCþ=�

d JT þ 2kSCþ=�
d Eps þ 2lSCþ=�

d Ess: ð46Þ

Applying the definition (29) of the Huet’s bounds to (37) and com-
paring the obtained result to expression (46) provide the following
expression for the in-plane bulk KSCþ=�
d , pure shear kSCþ=�

d and simple
shear lSCþ=�

d moduli

KSCþ
d ¼E Kd

d

� �
¼1

2
JT :: CSCþ

d ; KSC�
d ¼ E 1=Kt

d

� �� ��1¼1
2

JT :: SSC�
d

� ��1
;

kSCþ
d ¼ E kd

d

� �
¼1

2
Eps :: CSCþ

d ; kSC�
d ¼ E 1=kt

d

� �� ��1 ¼1
2

Eps :: SSC�
d

� ��1
;

lSCþ
d ¼ E ld

d

� �
¼1

2
Eps :: CSCþ

d ; lSC�
d ¼ E 1=lt

d

� �� ��1¼1
2

Eps :: SSC�
d

� ��1
:

ð47Þ

In Eq. (47) as well as in all the expressions associated with the
Huet’s SC type bounds, the expectations should be understood in
a classical sense, i.e. with a same weight ascribed to each
realization.

Applying pure shear (eps) or simple shear (ess) macroscopic
strain �e and stress �r loadings to Eq. (14) and making use of rela-
tions (47), the following bounds for the in-plane effective shear
modulus are obtained

sup kSC�
d ;lSC�

d

� �
6 Geff

6 inf kSCþ
d ;lSCþ

d

� �
: ð48Þ

To the best of the authors knowledge, the bounding property (48)
which makes use of the quadratic anisotropy of CSCþ=�

d has never
been used nor noticed before. Indeed, the Huet’s upper and lower
bounds have been until now considered to be isotropic in the liter-
ature. This assumption of isotropy was supported by various
numerical simulations performed for some range of parameters
such as for instance sufficiently large VE d size or finite contrast.
Although we find again in this study that Huet’s bounds are isotro-
pic for some simulations – e.g. for reinforced composites, the lower
bound is nearly isotropic (up to 1% of accuracy) – their quadratic
anisotropy Eq. (46) which is theoretically established at the begin-
ning of this section by symmetry arguments is well confirmed by
other numerical simulations. For instance, for rigidly reinforced
composites the numerical estimate of the Huet’s upper bound –
evaluated for a inclusion volume fraction f I ¼ 15% – provides a qua-
dratic behavior (kSCþ

d – lSCþ
d ) as illustrated in Fig. 8 which reports

the evolution of the Huet’s in-plane shear moduli upper bounds
kSCþ

d ;lSCþ
d as functions of d.

At last, the evolution of Huet’s SC shear upper bounds can be
predicted by a simple approach inspired from the one presented
in Section 2.3 and applied to the in-plane bulk modulus. When this
latter approach (Eq. (19)) is also applied to the in-plane pure-shear
modulus, thus leading to kAb

d ¼ keff þ kð2Þ 1=d� 1=d2� �
, it is still ob-

served a good agreement between the approximate closed-form
bound kAb

d and the Huet’s upper bound kSCþ
d as shown on Fig. 8.

However, when applied to the in-plane simple-shear modulus
lAb

d ¼ leff þ lð2Þ 1=d� 1=d2� �
, the decrease of lAb

d mainly in inverse
proportion of d does not reproduce the evolution of Huet’s SC
upper bound lSCþ

d . The reason lies in the fact that the simple-shear
uniform strain loading is parallel to the boundaries of the square
cell. For such a loading, the nearly rigid particles which intersect
the edges of the cell are no longer strained but in fact rotate inside
the matrix unlike the case of pure-shear uniform strain solicita-
tions which enforce actual deformations to the boundary particles.
Therefore, these particles do not generate the blow-up of the strain
energy observed for lSCþ

d when simple-shear uniform strain are ap-
plied. However, there is one exception to this situation: the parti-
cles which intersect one of the four corners of a square VE – more
precisely the particles which intersect two different edges – are
always deformed even when submitted to simple shear loading.
Although not many, these at most 4 nearly rigid particles can
explain the blow-up of the strain energy under simple shear defor-
mation. To see if such a conjecture holds true, we make again the
reasoning on which relies on the simple approach presented in
Section 2.3. The part of the strain energy due to the particles which
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intersect the cell corners is taken into account by means of a new
subdivision of the square VE in two parts. The first part Bð1Þd ðxÞ of
volume V ð1Þd ¼ 4d2 consists of the area associated with the 4 corners
such that all the particles which intersect the cell corners belong to
this area. The second part Bð2Þd ðxÞ of volume V ð2Þd ¼ L2 � V ð1Þd is the
core of the VE, i.e. the part inside which the nearly rigid particles
are not enforced to be strained by ADBC in simple shear (see
Fig. 5). From this subdivision, the ratio V ð1Þd =Vd is now proportional
to 1=d2 instead of ð1=d� 1=d2Þ as it was the case for the simple
model associated with a pure-shear uniform strain. By reproducing
the reasoning introduced in Section 2.3, we get the following
closed-form approximate bound for the effective shear modulus

leff
6 lAb

d ¼ leff þ lð2Þ

d2 : ð49Þ

As shown in Fig. 8, the agreement between the approximate and
Huet’s bounds after a fitting of the constant lð2Þ at d ¼ 30 is quite
good. This shows that the blow-up of the strain energy under sim-
ple shear uniform strain solicitations is due to the predominant
contribution of the nearly rigid particles intersecting the cell
corners to the apparent behavior.

4.6. Numerical implementation

For both the Voronoï and Square Cells approach, the apparent
behaviors are computed by making use of the FE software CAST3M
(CEA, 2003) according to the procedure presented in Section 4.4.
However, the meshing is performed differently according to the
shape (square or non-square) of the VEs.

4.6.1. Proposed approach
For the Voronoï approach, a meshing procedure based on the

following principles has been defined. First, we make use of the
Voronoï subdivision on which rely the non-square VEs introduced
in Section 3.1. All Voronoï cells of a given non-square VE are indi-
vidually meshed and then gathered together to rebuilt the whole
VE, following a methodology very similar to the one introduced
by Danielsson et al. (2007). The meshing of each Voronoï cell is eas-
ily performed by making use of the standard meshing command of
CAST3M. The way to mesh a Voronoï cell mainly relies on the
following considerations. The first one aims at providing accurate
estimates of the local fields even in areas where they are subjected
to strong gradients, especially the ones located between close
inclusions. This can be easily realized by partitioning each Voronoï
cell into isosceles triangular subcells the apices of which consist of
both the center and two adjacent apices of the Voronoï cell. For the
whole Voronoï cells, we ascribe to the matrix part of each Voronoï
subcell the same finite element discretization number along the ra-
dial directions of its inclusion. Such a procedure leads to fine (resp.
crude) radial meshes inside the matrix phase for each triangular
Voronoï subcell the inclusion of which is close (resp. far) to its out-
er boundary. Note that the fact for an inclusion of a Voronoï cell to
be close (resp. far) from one segment of its outer boundary
amounts to being close (resp. far) from the inclusion of the adja-
cent Voronoï cell sharing the same segment as boundary. The sec-
ond consideration is based on the Eshelby solution of a
heterogeneous inclusion inside an infinite matrix, both phases
being linear elastic (Eshelby, 1957). The local strain associated with
this problem is heterogeneous in the matrix. Its spatial variations
although quite significant near the matrix-inclusion interface de-
crease quickly in the radial direction of the inclusion and the strain
field becomes homogeneous far enough of the inclusion. In view of
the radial decrease of the local strain solution of the Eshelby prob-
lem inside the matrix, we build a mesh whose ascribed densities
vary in inverse proportion to the distance from the borders of
the inclusions. Similarly, as the strain is homogeneous inside the
inclusion of the Eshelby problem, the density of the mesh is re-
duced in the center of the inclusions. Finally, in order to make com-
patible the meshes of two adjacent cells, the discretization along a
segment of a Voronoï cell relies on a number of elements which de-
pends only on the length of this segment and the distance to the
center of the cell, which is the same for adjacent cells. A detailed
explanation of the meshing algorithm is given in Salmi (2011).
Fig. 6(a) provides an example of obtained mesh for a non-square
VE consisting of two Voronoï cells.

In order to quantify the numerical errors generated by the pro-
posed numerical scheme, we studied the influence of the number
of finite elements on the apparent behaviors associated with ADBC
and UTBC. The numerical study is performed on a non-square VE of
size d ¼ 12 comprised of 27 rigid inclusions (c ¼ 104Þ in proportion
f I ¼ 15% and submitted to ADBC or UTBC, respectively. Eight-
noded quadratic elements are used to carry out the calculation.
The results are depicted in Fig. 6(b) which reports the evolution
of the relative accuracy Xrela

d ðneÞ ¼ XdðneÞ � Xdðn1e Þ
� �

=Xdðn1e Þ as a
function of the number of Finite Element ne where Xd accounts
for the different apparent moduli Kd;t

d ;l
d;t
d ; k

d;t
d . The relative accura-

cies reported on Fig. 6(b) are computed for n1e ¼ 25000 since it has
been numerically noticed that these moduli do not evolve any
longer beyond. In the following, all the computations are carried
out with a mesh size corresponding to a relative precision of 0:1%.
4.6.2. Classical approach
For the classical Square Cell approach, the geometries of the VEs

are more complex because of the inclusions intersecting the VE
boundaries. The standard routines in CAST3M turn out not to be
appropriate to generate such meshes. That’s why the specialized
mesh generator Netgen (Schoberl et al., 2003) specifically designed
for random microstructures is preferred and the obtained meshes
are exported to CAST3M to compute the apparent behaviors with
the same procedures as for the new bounds. It should however
be noticed that this generic mesh procedure is not optimized with
respect to the particular microstructure under consideration. It
generates meshes with almost uniform densities, and, as a conse-
quence, much larger numbers of elements for a given accuracy.
This is illustrated by the results depicted in Fig. 6(c) which gives
the evolution of the relative accuracy for a square VE, again of size
d ¼ 12 and made of rigid inclusions in proportion f I ¼ 15% for
ADBC or UTBC, respectively. The results are now computed with
n1e ¼ 80000. One can observe that to reach a relative accuracy of
0:1% with Netgen requires to use five times more elements than
with the Voronoï-type mesh. This shows that the new bounding
procedure is not only more efficient from a theoretical point of
view, but also from a numerical one as it allows to generate meshes
in a much easier and more efficient way.
5. Results

Numerical applications have been run for several contrasts
ðc ¼ 104;102;5;10�4Þ and volume fractions ðf I ¼ 15%;30%Þ thus
taking into account three different types of random matrix-inclu-
sion composites: rigidly reinforced composites (c ¼ 104), two-
phase materials ðc ¼ 5;102Þ and porous materials ðc ¼ 10�4Þ. For
all numerical applications, n ¼ 2000 for 2 6 d < 20 or n ¼ 1000
for 20 6 d 6 30. A 0:99-confidence interval (i.e. a ¼ 0:01) is used
for the mean EðXÞ. For such an interval, the Student parameter
tða;nÞ satisfies tð0:01;nÞ ¼ 2:56 for all n P 100.

The variations with respect to d of the Voronoï and Huet’s SC
bounds for the effective shear modulus of a rigidly reinforced com-
posite ðf I ¼ 15%Þ are depicted in Fig. 7. For all the curves reported
in this paper, the error bars refer to the symmetric confidence inter-
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val of the considered expectation. As shown in Fig. 7(a), the Voronoï
type upper bound GVORþ

d improves on both the Huet’s upper bounds
kSCþ

d and lSCþ
d very significantly – up to 7000% for small values of d.

The Voronoï lower bound also slightly improves on the Huet’s lower
bounds (see Fig. 7(b)). Furthermore, the upper and lower Voronoï
type bounds of Geff are quite sharp. They quickly converge toward

the effective shear modulus when d increases. For instance, for

d P 20 the relative gap between both bounds DGd=Gdð ÞVOR ¼
GVORþ

d � GVOR�
d

� �
= GVORþ

d þ GVOR�
d

� �
satisfies DGd=Gdð ÞVOR

6 0;92%.

For the rigidly reinforced composite, it should be noted that the
pure-shear and simple-shear SC lower bounds are the same unlike
their corresponding upper bounds which exhibit a pronounced
quadratic anisotropy.

The classical Hashin and Shtrikman (1963) lower bound (HS�)
relative to fiber reinforced composites (Willis, 1977) as well as
the Hashin and Rosen (1964) upper (H+) and lower (H�) bounds
are also reported on Fig. 7(b) for comparison purpose. Although
the Hashin and Shtrikman lower bound as well as the Hashin upper
bound provide very accurate estimates of the effective behavior,
the Voronoï type bounds yield better predictions for d P 25. It
should be noted that the Hashin bounds are not bounds for the
microstructures considered in this work unlike the Hashin and
Shtrikman lower bound. Indeed, matrix-fiber composites with
identical cylindrical fibers randomly and isotropically distributed
in the transverse plan are not exactly Composite Cylinders Assem-
blages (CCA) for which the Hashin and Rosen bounds rigorously
apply. However, since their microstructures have a significant de-
gree of similarity with a CCA, the Hashin and Rosen bounds provide
useful information about the effective behavior of the matrix-fiber
composites considered in this study. This remark explains why the
Hashin upper bound – which is only an estimate of the effective
behavior for the microstructures considered in this paper – violate
the Voronoï lower bound. But it also explains why the Hashin
bounds provide relatively good estimates of the effective moduli
(Fig. 7(b)). These results are also observed for the other contrasts.

Thereby, as shown on Fig. 7, the artificial over-estimation in-
duced by a direct application of uniform boundary conditions on
nearly rigid particles can be almost fully removed by the Voronoï
type approach. The estimates derived by this new approach pro-
vide accurate predictions of the effective behavior even for rela-
tively small values of d. Furthermore, they retains their bound
status associated with uniform BC unlike the estimates of the effec-
tive behavior derived by extending Huet’s approach to periodic BC
(e.g. Kanit et al., 2003; Ostoja-Starzewski, 2006) which, although
efficient, are not bounds.

Numerical simulations have also been performed for the in-
plane bulk modulus. As expected, the same trends are observed.

In what follows, although Huet’s SC bounds exhibit a quadratic
symmetry we choose to only report their isotropic projection
KSCþ=�

d ;GSCþ=�
d for the sake of simplicity. However, it should be

noted that all the results of the comparisons between the isotropic
Huet’s and Voronoï type bounds presented hereafter still hold
when applied to kSCþ=�

d and to lSCþ=�
d instead of GSCþ=�

d . The in-plane
isotropic moduli are defined by

GSCþ
d ¼ 1

2
KT :: CSCþ

d ¼ 1
2

kSCþ
d þ lSCþ

d

� �
;

GSC�
d ¼ 1

2
KT :: SSC�

d

� ��1
¼ 1

2
kSC�

d þ lSC�
d

� �
; ð50Þ

while KSCþ=�
d are still given by ð47Þ1;2. Of course, since kSCþ=�

d and
lSCþ=�

d are upper and lower bounds of the effective shear modulus
Geff , this property still holds for GSCþ=�

d .
The evolutions with respect to d of the estimated upper Kþd;est

and lower K�d;est bounds defined in (44) are reported in Fig. 9 for a
two-phase material with high contrast ðc ¼ 102; f I ¼ 15%Þ. As
mentioned in Section 4.5.2, the interest to make use of the esti-
mated bounds Kþd;est;K

�
d;est instead of their approximated values

Kd
d ; 1=Kt

d

� ��1
is their rigourous interpretation in terms of probabil-

ity as described by Eq. (45) for a ¼ 0:01. In Fig. 9, the same trends
as in the case of the rigidly reinforced composite can be observed.
Furthermore, it should be noted that the Voronoï type upper and
lower bounds associated with both the reinforced composite and
the two-phase material with high contrast (c ¼ 102) provide the
same numerical results unlike the Huet’s upper bound which, in
addition to being too stiff, exhibits a strong non-physical depen-
dence with the moduli of the fibers.

The variation of the Huet’s and Voronoï type bounds of the in-
plane bulk and shear effective moduli with respect to d are de-
picted in Figs. 10(a) and (b), respectively, for a two-phase material
with medium contrast ðc ¼ 5; f I ¼ 15%Þ. Again, Fig. 10 shows that
the Voronoï’s type bounds improve both the upper and lower
Huet’s bounds which, as expected for such a low contrast, provides
reasonably good predictions of the effective properties even for rel-
atively small d.

We also investigated the apparent behavior of porous materials
ðc ¼ 10�4Þ. The evolutions of the SC and VOR bounds of either the
in-plane bulk or shear effective moduli with respect to d are depicted
in Fig. 11 for f I ¼ 15%. Similarly to reinforced composites, the Vor-
onoï type bounds improve on both the Huet’s SC bounds of the in-
plane bulk and shear moduli: the lower one (which is not reported
in Fig. 11(a) because it is too low) as expected but also slightly the
upper one. Although the VOR bounds of Keff and Geff are still quite
sharp, they converge toward the effective properties slower than
the ones obtained for the rigidly reinforced composite. Conversely,
they improve on the Hashin and Shtrikman bound for values of d
much smaller ðd P 12Þ than the ones required for the rigidly rein-
forced composite ðd P 25Þ. In order to check that the VOR bounds
of both the so-called rigidly reinforced composite ðc ¼ 104Þ and por-
ous material ðc ¼ 10�4Þ respectively correspond to the ones of a real
rigidly reinforced composite ðc ¼ þ1Þ and porous material ðc ¼ 0Þ,
we report on Fig. 12 the evolutions of the VOR upper and lower
bounds of the effective in-plane bulk and shear moduli as functions
of the contrast – with values ranging from 10�9 to 109. Two different
values of the VE size ðd ¼ 2;12Þ are considered. As seen in Fig. 12, the
VOR bounds of the effective bulk and shear moduli do not evolve any
more – up to the numerical accuracy – when the contrast is less than
10�3 or larger than 102, thus showing that each VOR bound reaches a
limit which corresponds to situation of infinite contrasts. Further-
more, the values of these limits are attained for both the so-called
rigidly reinforced composites (c ¼ 104) or porous materials
(c ¼ 10�4) considered in this study.

Lastly, we investigated the influence of the inclusion volume
fraction. For that, we report the evolutions of the SC and VOR
bounds of the effective in-plane bulk and shear moduli with re-
spect to d for both a rigidly reinforced composite (Fig. 13 and a por-
ous material Fig. 13(b)) for f I ¼ 30%. The trends are similar to
those observed for f I ¼ 15% except that now the convergence to-
ward the effective moduli occurs for larger d. For instance, if we
consider the evolution of the in-plane shear modulus bounds of
the porous material, which is the most disadvantageous situation,
the relative gap between the upper and lower VOR bounds
DGd=Gdð ÞVOR at d ¼ 30 worths 4:5% for f I ¼ 30% instead of 2:5%

for f I ¼ 15%. This result can be explained by the fact that the more
the pores (or particles) are close, the more their mechanical inter-
actions increase and therefore the more the fluctuations of the
apparent properties grow. Such an enhancement of the apparent
behavior fluctuations can induce an increase of the RVE size. How-
ever, this explanation may not hold for all pore or particle volume
fractions. Indeed, when f I tends to large values, e.g. the percolation
limit, the random distribution of the inclusions is geometrically
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more constrained and therefore becomes more homogeneous.
Although the mechanical interactions are reinforced through the
enhancement of the volume fraction, the lessening of the micro-
structure heterogeneity for large inclusion volume fractions may
or may not induce a decreasing of the fluctuations of the apparent
properties depending on which of both above-mentioned effects
dominates. At last, other calculations performed for different vol-
ume fractions 10%;20%;25% for rigidly reinforced composites or
porous materials have showed that the VOR bounds always signif-
icantly improve on the Huet’s bounds. However, to gain more in-
sight about the influence of the particle or pore volume fraction
on the apparent behavior and its fluctuations would require to per-
form a statistical analysis of the apparent properties for several
volume fractions ranging from the dilute limit up to the percola-
tion threshold. Such a study is out of the scope of this paper.
6. Conclusion

A new micro-mechanical approach relying on ensemble aver-
ages, in an appropriate sense, of the apparent behaviors associated
with non-square (or non-cubic) VEs submitted to ADBC or UTBC
has been developed. This method leads to new rigorous bounds
for the effective behavior of linear matrix-inclusion random com-
posites and enables to get rid of the limitation of Huet’s approach
for large contrast, i.e. the blow up or vanishing of the SC bounds of
the effective properties due to direct applications of uniform BC to
the particles. As a first illustration this method has been applied to
a two-phase composite consisting of a matrix and aligned identical
cylindrical fibers randomly and isotropically distributed in the
transverse plane, each phase following Hooke’s law. The new
VOR bounds of the effective transverse properties derived by this
approach are quite sharp and converge quickly to the effective
properties, for all contrasts, even infinite. They improve on the
classical Huet’s bounds for all contrasts, the large ones as expected
but also the small ones, and for all particle volume fractions. They
can also be obtained at a lower numerical cost.

The applications have intentionally been limited to the trans-
verse properties of the simplest three-dimensional microstructure
for which this approach applies. They can be extended to full 3D
loadings and to more general 3D microstructures, with anisotropic
phases and phase distributions. They are however restricted to
composites with a matrix/inclusion-type microstructure, with sep-
arated inclusions, making it possible to design VEs avoiding any di-
rect application of boundary conditions to the inclusions. For
instance, one could deal with inclusions of different shapes (ellip-
soidal particles or short fibers with random orientation, etc.) and
random size. For that, it would be necessary to subdivise the RVE
with a more general scheme than the classical point-based Voronoï
procedure by making use for instance of the distance function as
explained in Section 3.1. Such extensions would require to design
appropriate meshing procedures associated with the subdivision
relying on the distance function, but the same procedures to com-
pute the bounds would still hold.

The bounding relation (22) has only been proved for linear elas-
tic behavior in small strains. It could easily be extended to nonlin-
ear elasticity or viscoplasticity, within the same small strain
framework, as the classical minimal potential or complementary
energy principles they rely on also apply to such behaviors derived
from single convex stress or strain potentials. Extensions to more
general behaviors or kinematics such as finite elasticity or elasto-
plasticity are left for future work.

At last, since the VOR bounds converge quickly towards the
effective behavior, they can be used to evaluate the RVE size asso-
ciated with a specific effective property for a given random com-
posite. In fact, there are many ways to define a RVE size (e.g.
Gitman et al., 2007; Kanit et al., 2003; Pelissou et al., 2009; Willot
and Jeulin, 2009). One possible way – often adopted in the context
of mean fields homogenization theories – is to consider that the
RVE size is reached when the apparent behavior of any VE and
associated with any macrohomogeneous BC is sufficiently close
to the effective behavior. According to this viewpoint, the determi-
nation of the RVE size requires to investigate not only the mean
values of the apparent behaviors, i.e. the VOR bounds, but also their
statistical fluctuations. This requires to perform a statistical study
of the apparent behavior as presented in by Salmi et al. (2012).
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