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Abstract

We consider the problem of testing a particular type of composite null hypothesis under a
nonparametric multivariate regression model. For a given quadratic functional @, the null
hypothesis states that the regression function f satisfies the constraint Q[f] = 0, while the
alternative corresponds to the functions for which Q[f] is bounded away from zero. On the
one hand, we provide minimax rates of testing and the exact separation constants, along
with a sharp-optimal testing procedure, for diagonal and nonnegative quadratic function-
als. We consider smoothness classes of ellipsoidal form and check that our conditions are
fulfilled in the particular case of ellipsoids corresponding to anisotropic Sobolev classes.
In this case, we present a closed form of the minimax rate and the separation constant.
On the other hand, minimax rates for quadratic functionals which are neither positive nor
negative makes appear two different regimes: “regular” and “irregular”. In the “regular”
case, the minimax rate is equal to n~/4 while in the “irregular” case, the rate depends
on the smoothness class and is slower than in the “regular” case. We apply this to the
issue of testing the equality of norms of two functions observed in noisy environments.

AMS 2000 subject classifications: Primary 62G08, 62G10; secondary 62G20.

Keywords and phrases: Nonparametric hypotheses testing, sharp asymptotics, sepa-
ration rates, minimax approach, high-dimensional regression.

1. Introduction
1.1. Problem statement

Consider the nonparametric regression model with multi-dimensional random design: We
observe (x;,t;)i=1,..n obeying the relation

where t; € A C R? are random design points, 1 < d < oo, f : A — R is the unknown
regression function and &;s represent observation noise. Throughout this work, we assume
that the vectors t; = (t%, . ,tf), for i =1,...,n, are independent and identically distributed
with uniform distribution on A = [0,1]¢, which is equivalent to ¢¥ $u (0,1). Furthermore,
conditionally on 7, = {t1,...,t,}, the variables i, ...,§, are assumed i.i.d. with zero mean
and variance 72, for some known 7 € (0, 00).

Let Ly(A) denote the Hilbert space of all squared integrable functions defined on A. Assume
that we are given two disjoint subsets Fy and F; of Lo(A). We are interested in analyzing
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2 Comminges, L. and Dalalyan, A.
the problem of testing hypotheses:
Hy: fekF against Hy: feF. (2)

To be more precise, let us set z; = (x;,t;) and denote by P; be the probability distribution
of the data vector (z1,...,2,) given by (1). The expectation with respect to Py is denoted
by E¢. The goal is to design a testing procedure ¢, : (R x A)" — {0,1} for which we are
able to establish theoretical guarantees in terms of the cumulative error rate (the sum of the
probabilities of type I and type II errors):

’Yn(-/__ba]:h(ﬁn): Suppf(¢n:1)+ Suppf(¢n:0)' (3)
feFo fer

To measure the statistical complexity of this testing problem, it is relevant to analyze the
minimax error rate

Yn(Fo, F1) = i(;lf%(fo,fla ®n), (4)

where infy  denotes the infimum over all testing procedures.

The focus in this paper is on a particular type of null hypotheses Hy that can be defined as
the set of functions lying in the kernel of some quadratic functional @ : La(A) — R, i.e.,
Fo C {f € Lzy(A): Q[f] =0}. As described later in this section, this kind of null hypotheses
naturally arises in several problems including variable selection, testing partial linearity of a
regression function or the equality of norms of two signals. Then, it is appealing to define the
alternative as the set of functions satisfying |Q[f]| > p? for some p > 0. However, without
further assumptions on the nature of functions f, it is impossible to design consistent testing
procedures for discriminating between Fy and Fi. One approach to making the problem
meaningful is to assume that the function f belongs to a smoothness class. Typical examples
of smoothness classes are Sobolev and Hélder classes, Besov bodies or balls in reproducing
kernel Hilbert spaces.

In the present work, we assume that the function f belongs to a smoothness class ¥ that
can be seen as an ellipsoid in the infinite-dimensional space La(A). Thus, the null and the
alternative are defined by

Fo={rex:qlfi=0}, A=Ak ={res:1Ql=,}. (5)

One can take note that both hypotheses are composite and nonparametric.

1.2. Background on minimax rate- and sharp-optimality

Given the observations (x;,t;)i=1,.. n, we consider the problem of testing the composite hy-
pothesis F{ against the nonparametric alternative Fj(p) defined by (5). The goal here is to
obtain, if possible, both rate and sharp asymptotics for the cumulative error rate in the min-
imax setup. These notions are defined as follows. For a fixed small number v € (0,1), the
function r}; is called minimax rate of testing if:

e there exists C’ > 0 such that VC < C’, we have lirri)infyn(]:o,fl(C'r;‘L)) >,
e there exists C” > 0 and a test ¢, such that VC > C”, lim sup Yn (Fo, F1(CT}), pn) < 7.

n—o0
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A testing procedure ¢, is called minimax rate-optimal if lim sup,,_, .o Yn(Fo, F1(C7), dn) < v
for some C' > 0. Note that the minimax rate and the rate-optimal test may depend on the
prescribed significance level v. However, in most situations this dependence cancels out from
the rate and appears only in the constants. If the constants ¢’ and C” coincide, then their
common value is called exact separation constant and any test satisfying the second condition
is called minimax sharp optimal. The minimax rate r;, is actually not uniquely defined, but
the product of the minimax rate with the exact separation constant is uniquely defined up
to an asymptotic equivalence. For more details on minimax hypotheses testing we refer to
(Ingster and Suslina, 2003).

While minimax rate-optimality is a desirable feature for a testing procedure, it may still lead
to overly conservative tests. A (partial) remedy for this issue is to consider sharp asymptotics
of the error rate. In fact, one can often prove that when n — oo,

n(Fo, F1(p)) = 2@(—un(p)) + o(1), (6)

where @ is the c.d.f. of the standard Gaussian distribution, u,(-) is some “simple” function
from R4 to R and o(1) is a term tending to zero uniformly in p as n — oo. This relation
implies that by determining 7 as a solution with respect to p to the equation u,(p) = 2_, J2
where z, stands for the a-quantile of the standard Gaussian distribution—we get not only
the minimax rate, but also the exact separation constant. When relation (6) is satisfied, we
say that Gaussian asymptotics hold.

1.3. Overview of the main contributions

Our contributions focus on the case where the smoothness class ¥ is an ellipsoid in Lo(A) and
the quadratic functional ) admits a diagonal form in the orthonormal basis corresponding to
the directions of the axes of the ellipsoid Y. To be more precise, let £ be a countable set and
{¢1}iec be an orthonormal system in Ly(A). For a function f € La(A), let 0[f] = {0:[f]ier
be the generalized Fourier coefficients with respect to this system, i.e., 0;[f] = (f, ¢i), where
(+,+) denotes the inner product in Lo(A). The functional sets ¥ C Lo(A) under consideration
are subsets of ellipsoids with directions of axes {¢; };c, and with coefficients ¢ = {¢; }1er € Rﬁ:

pc{r=% 0l X anliP <1f. 7)

The diagonal quadratic functional is defined by a set of coefficients q = {q }iec: Q[f] =
Yier @9,[f])?. Note that if Q is definite positive, i.e., ¢ > 0 for all | € £, then the null
hypothesis becomes f = 0 and the problem under consideration is known as detection problem.
However, the goal of the present work is to consider more general types of diagonal quadratic
functionals. Namely, two situations are examined: (a) all the coefficients ¢; are nonnegative
and (b) the two sets Ly ={le€ L:q >0} and L_ = {l € L : ¢, < 0} are nonempty.

In the first situation, we establish Gaussian asymptotics of the cumulative error rate and

propose a minimax sharp-optimal test. Under some conditions, we show that the sequence!

r*  =min<p>0: inf v||2 > 8n 2%z, } 8
{r V. U B B (8)

'"We denote by |- ||, and by (-,-) the usual norm and the inner product in ¢2(L), the space of squared
summable arrays indexed by L.
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provides minimax rate of testing with constants C’ = C” = 1. This result is instantiated to
some examples motivating our interest for testing the hypotheses (5). One example, closely
related to the problem of variable selection (Comminges and Dalalyan, 2011), is testing the rel-
evance of a particular covariate in high-dimensional regression. This problem is considered in a
more general setup corresponding to testing that a partial derivative of order a = (v, . . ., ay),
denoted by 9*1+-Fad f/9tT ... 9t5?, is identically equal to zero against the hypothesis that
this derivative is significantly different from 0. As a consequence of our main result, we

show that if f lies in the anisotropic Sobolev ball of smoothness o = (o1, ...,04), and we set
J = 2?21 a;ifoi, 0= (% 2?21 051)71’ then the minimax optimal-rate is 7 = n~20(1=0)/(47+d)

provided that § < 1 and ¢ > d/4. Furthermore, we derive Gaussian asymptotics and exhibit
the exact separation constant in this problem.

The second situation we examine in this paper concerns the case where the cardinalities
of both £, and £_ are nonzero. A typical application of this kind of problem is testing the
equality of the norms of two signals observed in noisy environments. In this set-up, we provide
minimax rates of testing and exhibit the presence of two regimes that we call regular regime
and irregular regime. In the regular regime, the minimax rate is 7} = n~1/4, while in the
irregular case it may be of the form n~® with an a < 1/4 that depends on the degree of
smoothness of the functional class.

Note that all our results are non-adaptive: our testing procedures make explicit use of the
smoothness characteristics of the function f. Adaptation to the unknown smoothness for the
problem we consider is an open question for which the works (Spokoiny, 1996, Gayraud and
Pouet, 2005) may be of valuable guidance.

1.4. Relation to previous work

Starting from the seminal papers by Ermakov (1990) and Ingster (1993a,b,c), minimax testing
of nonparametric hypotheses received a great deal of attention. A detailed review of the
literature on this topic being out of scope of this section, we only focus on discussing those
previous results which are closely related to the present work. The goal here is to highlight
the common points and the most striking differences with the existing literature.

Note that the major part of the statistical inference for nonparametric hypotheses testing
was developed for the Gaussian white noise model (GWNM) and its equivalent formulation
as Gaussian sequence model (GSM). As recent references for the problem of testing a simple
hypothesis in these models, we cite (Ermakov, 2011, Ingster et al., 2012), where the reader
may find further pointers to previous work. In the present work, the null hypothesis defined by
(5) is composite and nonparametric. Early references for minimax results for composite null
hypotheses include (Horowitz and Spokoiny, 2001, Pouet, 2001, Gayraud and Pouet, 2001,
2005), where the case of parametric null hypothesis is of main interest. These papers deal with
the one-dimensional situation and provide only minimax rates of testing without attaining
the exact separation constant. Furthermore, the alternative is defined as the set of functions
that are at least at a Euclidean distance p from the null hypothesis, which is very different
from the alternatives considered in this work.

More recently, nonasymptotic approach to minimax testing gained popularity (Baraud et al.,
2003, 2005, Laurent et al., 2011, 2012). One of the advantages of the nonasymptotic approach
is that it removes the frontier between the concepts of parametric and nonparametric hy-
potheses, while its limitation is that there is no result on sharp optimality (even the notion
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itself is not well defined). Note also that all these papers deal with the GSM considering as
main application the case of one dimensional signals, as opposed to our set-up of regression
with high-dimensional covariates.

Let us review in more details the papers (Ingster and Sapatinas, 2009) and (Laurent et al.,
2011) that are very closely related to our work either by the methodology which is used or by
the problem of interest. Ingster and Sapatinas (2009) extended some results on the goodness-
of-fit testing for the d-dimensional GWNM to the goodness-of-fit testing for the multivariate
nonparametric regression model. More precisely, they tested the null hypothesis Hy : f = fo,
where fj is a known function, against the alternative Hy : f € X, [ NV fo)? > 72, where
Y is an ellipsoid in the Hilbert space La(A) with respect to the tensor product Fourier basis
(with extensions to other bases). They obtained both rate and sharp asymptotics for the error
probabilities in the minimax setup. So the model they considered is the same as the one we are
interested in here, but the hypotheses Hy and H; are substantially different. As a consequence,
the testing procedure we propose takes into account the general forms of Hy and Hi given
by (5) and is different from the asymptotically minimax test of Ingster and Sapatinas (2009).
Furthermore, we substantially relaxed the contraint on the noise distribution by replacing
Gaussianity assumption by the condition of bounded 4th moment.

Laurent et al. (2011) considered the GWNM from the inverse problem point of view, i.e.,
when the signal of interest g undergoes a linear transformation 7" before being observed in
noisy environment. This corresponds to f = T[g] with a compact injective operator T'. Then
the two assertions g = 0 and T'[g] = 0 are equivalent. Consequently, if the goal is to detect
the signal f, one can consider the two testing problems :

1. (inverse formulation) Hy : T![f] = 0 against Hy : | T~ [f]|l2 > p.
2. (direct formulation) Hy : f = 0 against Hy : ||f|2 > p.

The authors discussed advantages and limitations of each of these two formulations in terms of
minimax rates. Depending on the complexity of the inverse problem and on the assumptions on
the function to be detected (sparsity or smoothness), they proved that the specific treatment
devoted to inverse problem which includes an underlying inversion of the operator, may worsen
the detection accuracy. For each situation, they also highlighted the cases where the direct
strategy fails while a specific test for inverse formulation works well. The inverse formulation
is closely related to our definition (5) of the hypotheses Hy and Hy, since Q[f] = || T [f]||3 is
a quadratic functional. However, our setting is more general in that we consider functionals
with non-trivial kernels and with possibly negative diagonal entries.

1.5. Organization

The rest of the paper is organized as follows. The results concerning sharp asymptotics for
positive semi-definite diagonal functionals are provided in Section 2. In particular, the rates
of separation for a general class of tests called linear U-tests are explored in Subsection 2.2.
The asymptotically optimal linear U-test is provided in Subsection 2.3 along with its rate of
separation, which is shown to coincide with the minimax exact rate in Subsection 2.4. Section 3
is devoted to a discussion of the assumptions and to the consequences of the main result
for some relevant examples. The results for nonpositive and nonnegative diagonal quadratic
functionals are stated in Section 4 along with an application to testing the equality of the
norms of two signals. Finally, the proofs of the results are postponed to the Appendix.
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2. Minimax testing for nonnegative quadratic functionals
2.1. Additional notation

In what follows, the notation A, = O(B,) means that there exists a constant ¢ > 0 such
that A,, < ¢B,, and the notation A4,, = o(B,,) means that the ratio A, /B, tends to zero. The
relation A, ~ B, means that A, /B, tends to 1, while the relation A,, < B,, means that there
exist constants 0 < ¢; < ¢ < 00 and ng large enough such that ¢; < A, /By, < ¢ for n > ny.
For a real number ¢, we denote by c its positive part max(0,c) and by |c| its integer part.
For a set A, 14 stands for its indicator function and |.A| denotes its cardinality. Given a ¢ > 0
and a function f, ||f|lq = ( [A |f(t)]%dt) Y% i the conventional lg-norm of f. Similarly, for a
vector or an array u indexed by a countable set £, [[ull; = (30, lug|9)1/9 is the £,-norm of
u. As usual, we also denote by |lullo and ||u|w, respectively, the number of nonzero entries
and the magnitude of the largest entry of u € R~.

In the sequel, without loss of generality, we assume that the standard deviation of the noise
is equal to one: 7 = 1. The case of general but known 7 will be formulated as a consequence.
Recall that we consider quadratic functionals @ of the form Q[f] = > ;. a6 112, for some
given array q = {q; };cc. The major difference between the functional ), - 6] f]? that appears
in the problem of detection (Ingster and Sapatinas, 2009, Ingster et al., 2012) and this general
functional actually lies in the fact that the support of q defined by Sp = supp(q) = {l €
L:q# 0} is generally different from L. Furthermore, large coefficients ¢; amplify the error
of estimating Q[f] and, therefore, it becomes more difficult to distinguish Hy from H;. An
interesting question, to which we answer in the next sections, is what is the interplay between
c and q that makes it possible to distinguish between the null and the alternative.

Let S% denote the complement of Sr and, for a set L C L, span({apl}le L) be the closed linear
subspace of Ly(A) spanned by the set {¢;}ier. Let Ilg, f and Ilge f be the orthogonal pro-
jections of a function f € ¥ on span({gpl}le SF) and span({apl}le Sfm) respectively. To simplify
notation, the subscript S% is omitted in the rest of the paper, i.e., IIsc f is replaced by IIf.
Finally, throughout this work we will assume that f is centered, i.e., [, f(t)dt = 0, and that
{¢1} is an orthonormal basis of the subspace of Ly(A) consisting of all centered functions. In
other terms, all the functions ; are orthogonal to the constant function.

2.2. Linear U-tests and their error rate

We start by introducing a family of testing procedures that we call linear U-tests. To this end,
we split the sample into two parts: a small part of the sample is used to build a pilot estimator
ﬁ?n of IIf, whereas the remaining observations are used for distinguishing between Hy and
H,. Let us set m = n—|y/n] and call the two parts of the sample D; = {(z;,t;) : i =1,...,m}
and Dy = {(x;,t;) : i = m+ 1,...,n}. Using a pilot estimator ﬁ?n of IIf, we define the
adjusted observations T; = x; — ffn(tz) and z; = (Z;, t;).

Definition 1. Let w,, = {w;}ics, be an array of real numbers containing a finite number

of nonzero entries and such that |[wy|2 = 1. Let u be a real number. We call a linear U-test
based on the array w;, the procedure ¢ = 1iyw~,}, where Uy, is the linear in w,, U-statistic
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defined by

9 1/2
U, = (m) Z ;T Z wl,n@l(tz‘)@l(tj)- 9)

1<i<j<m leSk

We shall prove that an appropriate choice of w,, and u leads to a linear U-test that is asymptot-
ically sharp-optimal. The rationale behind this property relies on the by now well-understood
principle of smoothing out high frequencies of a noisy signal. In fact, if we call {6;[f]}1es, the
(relevant part of the) representation of f in the frequency domain, then {2 3", #;0(t;) bies,
is a nearly unbiased estimator of this representation. Then, the array w,, acts as a low pass
filter that shrinks to zero the coeflicients corresponding to high frequencies in order to prevent
over-fitting.

The first step in establishing theoretical guarantees on the error rate of a linear U-test consists
in exploring the behavior of the statistic U,, under the null.

Proposition 1. Let w,; > 0 for all n € N and | € L. Assume that E[¢}] < oo and the
following conditions are fulfilled:

e For some Cyy < 00, ||[Wa||% |[Wallo < Cuw.
e Asn — oo, ||[wypllo = o0 so that ||wyllo = o(n).
e For some C, < 00, SUPtep Zl:w“ﬁéo @ (t) < Collwallo-

o Asn — 00, sup ey Ey[|[TLf —T1f,[[3] = o(1).

Then, uniformly in f € Fo, the U-statistic defined by (9) converges in distribution to the
standard Gaussian distribution N'(0,1).

In other terms, this proposition claims that under appropriate conditions, for every u € R,
the sequence sup ez, [Pr(Un > u) — ®(u)| tends to zero, as n goes to infinity. This means
that under the null, the distribution of the test statistic U, is asymptotically parameter free.
This is frequently referred to as Wilks’ phenomenon.

To complete the investigation of the error rate of a linear U-test, we need to characterize
the behavior of the test statistic U, under the alternative. As usual, this step is more in-
volved. Roughly speaking, we will show that under the alternative the test statistic U, is
close to a Gaussian random variable with mean h,[f, w,] = (W)l/2 D o1eL(wn) wy 07 f]
and variance 1. The rigorous statement is provided in the next proposition.

Proposition 2. Let the assumptions of Proposition 1 be satisfied. Assume that in addition:

e There exists a sequence (, such that ;' = o(n) and SUDIeSpiw; ,<Cn cl_1 =o(1).
e For some p > 4, we have sup sy, | Isy fl|, < co.

Then, for every p > 0, the type II error of the linear U-test based on wy, satisfies:

SUPfer () Pr(dn = 0) < supjser, (p) ®(u — hulf, wn]) +o(1), (10)
where the term o(1) does not depend on p.

Let us provide an informal discussion of the assumptions introduced in the previous propo-
sitions. The first two assumptions in Proposition 1 mean that most nonzero entries of the
array w,, should be of the same order. Arrays that have a few spikes and many small entries
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are discarded by these assumptions. Furthermore, the number of samples in the frequency
domain that are not annihilated by w,, should be small as compared to the sample size n.
The third assumption of Proposition 1 is trivially satisfied for bases of bounded functions
such as sine and cosine bases and their tensor products. For localized bases like wavelets, this
assumption imposes a constraint on the size of the support of w,,: it should not be too small.
The last assumption of Proposition 1 will be discussed in more detail later. One should also
take note that the only reason for requiring from the functions f to be smooth under the null
is the need to be able to construct a uniformly consistent pilot estimator of IIf.

Concerning the assumptions imposed in Proposition 2, the first one means that only co-
efficients 6; corresponding to high frequencies are strongly shrunk by w,,. This is a kind of
coherence assumption between the smoothing filter w,, and the coefficients ¢ = {¢;};c, encod-
ing the prior information on the signal smoothness. The second assumption of Proposition 2
is rather weak and usual in the context of regression with random design. It is only needed
for getting uniform control of the error rate and the actual value of the norm ||IIg, f||, does
not enter in any manner in the definition of the testing procedure.

Let us draw now the consequences of the previous propositions on the cumulated error rate
of a linear U-test. Using the monotonicity of the Gaussian c.d.f. ®, under the assumptions of
Proposition 2, we get

90(Fo, Fi(p), 8¥) < @(—=u) + @ (w = inf e, ) half Wil ) + 0(1), ()

where the term o(1) is uniform in p > 0. Using the symmetry of ® and the monotonicity
of ® on Ry, one easily checks that the value of the threshold u minimizing the main term
in the right-hand side of the last display is u = %inf feFi(p) Pulf; wyn]. This result provides a
constructive tool for determining the rate of separation of a given linear U-test. In fact, one
only needs to set u = z,_,/ and find a sequence r, such that inf ;e 7, ..y hn[f, Wn] ~ 221 2,
where z, is the a-quantile of N(0,1).

Remark 1. We explain here the use of Z; instead of x; in our testing procedure. Actually if
we were only interested in rate-optimality, this precaution would not have been necessary.
The problem only arises when dealing with sharp-optimality and it concerns the variance of
U, . Indeed we need some terms that appear in the variance to tend to zero when Q[f] = 0
or Q[f] is small (those terms only need to be bounded for the rate-optimality). If we had
used z; instead of Z;, we would have ended up with terms like || f||2 in the variance. The
information contained in the assertion “Q[f] is small” concerns only the coefficients {6;},es,,
thus it implies that ||IIg, f||2 is small but it does not say anything about ||f||2. We can also
remark that this problem does not arise in the Gaussian sequence model as one estimates 912
by an unbiased estimator whose variance makes appear only 6;.

Remark 2. We chose to consider only the criterion ~, (Fo, Fi(p), ¢y ) so as to simplify the
exposition of our results. But we could have dealt with the classical Neyman-Pearson criterion
that we recall here. For a significance level 0 < @ < 1 and a test 1, we set

a(Fo, ) = supse g, Py =1), PB(Fi,7) =infy supser Pr(y = 0),

Instead of the minimax risk 7, (Fo, F1(p)) we could have considered the quantity £, (Fo, Fi(p)) =
infy.o(F,0)<a B(F1(p), ). This criterion is considered in Ingster and Sapatinas (2009) and
more generally in Ingster and Suslina (2003). The transposition to our case is straightforward.
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2.3. Minimax linear U-tests

The relation (11) being valid for a large variety of arrays w,, it is natural to look for a wy,
minimizing the right-hand side of (11). This leads to the following saddle point problem:

sup  inf wf[f]* = sup inf (W, V). (12)
WERfL feFi(p) ; WERJCF VE]RfL
[wll2=1 [wll2=1 (v.e)<1(v.q)>p?

It turns out that this saddle point problem can be solved with respect to w and leads to a
one-parameter family of smoothing filters w.

Proposition 3. Assume that for every T > 0, the set N(T) ={l € Sp : ¢; < Tq;} is finite.
For a given p > 0, assume that the equation

Ducc(Ta—ca)y

= (13)
YuecalTa —ca)t
has a solution and denote it by T,. Then, the pair (W*,v*) defined by
(qul — cl)+ * vl*
v = wf = (14)
YecaToq —a)+ [[v*]l2
provides a solution to the saddle point problem (12), that is
(w*,v*) = sup weRE ir]g (w,v) = in]RfE (W*,v).
Iwla=1 Y5 Ve
(v,0)<1,(v,q)>p? (v,e)<1,(v,q)>p?

This result tells us that the “optimal” weights w,, for the linear U-test ¢}’ should be of the
form (14), which is particularly interesting because of its dependence on only one parameter
T > 0. The next theorem provides a simple strategy for determining the minimax sharp-
optimal test among linear U-tests satisfying some mild assumptions. We will show later in
this section that this test is also minimax sharp-optimal among all possible tests.

Theorem 1. Assume that E[£}] < oo and for every T > 0, the set N(T) = {l € Sp : ¢ < Tq}
is finite. For a prescribed significance level vy € (0,1), let T), ~ be a sequence of positive numbers
such that the following relation holds true: as n — oo,

m(m — 1/2
( ( a 1) Z(Tn,qu—cz)?F) = <ch(Tnﬁql—cl)+>(2zl7/2—|—o(1)). (15)

lel lel

Let us define

] { 2iec @(Tny@ — )+ }1/2, (16)

Ty =
7 2ier UTnqya — c)+
If the following conditions are fulfilled:

2
[C1] For some constant Cy > 0, |N(T5,.5)] MaX|e (T, ) ql2 < (4 ZleJ\/(an) (ql — Tffﬁ) .

[C2] Asn — 00, Yyen(r,.,) 4i = o(n® minen(r, ) 47)-
[C3] For some constant C3 > 0, SUPgea D ien(r, ) PP (t) < C3IN(Tq)|.
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[C4] As n — 00, [N (Tnns)| = 00 so that N (T)| = o(n).
[C5] As n — oo, T, infics, q tends to 4o0.

[C6] Asn — oo, supjey, Ey[[|ILf — ﬁ?nHﬁ] = o(1).

[CT] For some p > 4, it holds that sup e, |[Ilsy fllp < oo.

then the linear U-test &5\;‘1 = 1yer >z 12} based on the array W, defined by

~ (Tn,ﬂ/ql - Cl)+
Wy = 511/2
[Zl/eL(Tn,v% - Cl/)+}
satisfies
Y (Fo, F1(rpq), ¢n) <v+o(1),  as  n— oo (17)

The proof of this result, provided in the Appendix, is a direct consequence of Proposition 1,
2 and 3. As we shall see below, the rate 7}, . defined in Theorem 1 is the minimax sharp-rate
in the problem of testing hypotheses (5), provided that the assumptions of the theorem are
fulfilled. As expected, getting such a strong result requires non-trivial assumptions on the
nature of the functional class, that of the hypotheses to be tested, as well as the interplay
between them. Some short comments on these assumptions are provided in the remark below,
with a further development left to subsequent sections.

Remark 3. The very first assumption is that the set AV/(T) is finite. It is necessary for ensuring
that the linear U-test we introduced is computable. This assumption is fulfilled when, roughly
speaking, the coefficients which express the regularity, {¢; };c., grow at a faster rate than the
coefficients {q; };e of the quadratic functional Q. Assumptions [C1], [C2], [C4] and [C5] are
satisfied in most cases we are interested in. Two illustrative examples—concerning Sobolev
ellipsoids with quadratic functionals related to partial derivatives—for which these hypothe-
ses are satisfied are presented in Subsections 3.3 and 3.4. Assumption [C3] is essentially a
constraint on the basis {¢;}; we show in Subsection 3.1 that it is satisfied by many bases
commonly used in statistical literature. [C6] and [C7] are related to additional technicali-
ties brought by the regression model, which force us to impose more regularity than in the
Gaussian sequence model.

2.4. Lower bound

We shall state in this section the result showing that the rate r; , introduced in Theorem 1
is the minimax rate of testing and the exact separation constant associated with this rate is
equal to one. This also implies that the testing procedure proposed in previous subsection is
not only minimax rate-optimal but also minimax sharp-optimal among all possible testing
procedures. In this subsection, we consider the functional classes ¥ = ¥, 1, defined by

Spr={f=3"_ 0lflec: 3 _ abilf? <1, |fl, <L, Mg, f=0}.

Clearly, for p > 4, this functional class is smaller than those satisfying conditions of Theorem 1.
Therefore, any lower bound proven for these functional classes will also be a lower bound for
the functional classes for which Theorem 1 is applicable.
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Theorem 2. Assume that ;s are standard Gaussian random variables and that for every
T > 0, the set N(T) = {l € Sp : ¢ < Tq} is finite. For a prescribed significance level
€ (0,1), let T, and 1, ., be as in Theorem 1. If conditions [C1], [C3] and

[C8] as n — 00, IN(T),)| — 00 so that N'(T,,)| log(JN (T ~)]) = o(n),
[C9] as n — oo, maxjen(r, ) & = o(nIN (Th4)[Y?),

are fulfilled, then for every C' < 1 the minimaz risk satisfies
Yn(Fo, F1(Cry, ) = v+ o(1), as n — 00. (18)

Although the main steps of the proof of this theorem, postponed to the Appendix, are close
to those of (Ingster and Sapatinas, 2009), we have made several improvements which resulted
in both shorter and more transparent proof and relaxed assumptions. The most notable
improvement is perhaps the fact that in condition [C3] it is not necessary to have C3 = 1.
We will further discuss this point and the other assumptions in the next section.

Remark 4. If we were only interested in minimax rate-optimality, we could have used simpler
prior in the proof of Theorem 2 which would also yield the desired lower bound under slightly
weaker assumptions. One can also deduce from the proof that for a concrete pair (c,q), a
simple way to figure out what is the minimax rate of separation consists in solving w.r.t. r,
the relation n(r,)? = M(r;2)'/?, where M(T) = D IeN(T) q?.

3. Examples
3.1. Bases satisfying assumption [C3]

First we give examples of orthonormal bases satisfying assumption [C3], irrespectively of the
nature of arrays ¢ and q defining the smoothness class and the quadratic functional ). One can
take note that despite more general settings considered in the present work, our assumption
[C3] is significantly weaker than the corresponding assumption in (Ingster and Sapatinas,
2009), which requires C3 to be equal to one. In fact, in a remark, Ingster and Sapatinas
(2009) suggest that their proof remains valid under our assumption [C3] if assumption [C4]
is strengthened to |N(T},~)| = o(n?/?). Due to a better analysis, we succeeded to establish
sharp asymptotics under the weak version of [C3] without any additional price (except that
a logarithmic factor appears now in the corresponding condition in Theorem 2).

Fourier basis Let us consider first the following Fourier basis in dimension d for which
L = 7% and
1, k=0,
or(t) =< V2cos(2rk-t), ke (29, (19)
V2sin(2rk-t), —ke€ (294,

where (Z%), denotes the set of all k € Z?\ {0} such that the first nonzero element of k is
positive and k - t stands for the usual inner product in R?. Since all the basis functions are
bounded by /2, [C3] is obviously satisfied with C3 = 2. Furthermore, if the set N (T) is
symmetric, i.e., k € N(T') implies —k € N (T), then [C3] is fulfilled with C5 = 1.
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Tensor product Fourier basis We can also consider the traditional tensor product Fourier
basis as in Ingster and Sapatinas (2009). [C3] is then obviously satisfied with C3 = 2¢. More-
over, if the set N'(T) is orthosymmetric, i.e., (ki,...,kq) € N(T) implies (Fkq,...,+kq) €
N(T), then [C3] is fulfilled with C5 = 1.

Haar basis Let {¢;x(-),j € N,k € {1,...,27}}, be the standard orthonormal Haar basis
on [0, 1], where j is the scale parameter and k is the shift. The tensor product (y; k);r Haar
basis is then

d
Pjk = H Pijii ki
=1

where 5 = (ji1,...,Jq4) and k = (k1,...,kq). As shown in (Ingster and Sapatinas, 2009), under
the extra assumption that the coefficients ¢; = ¢; and ¢; = ¢ depend only on the scale
parameter, i.e., ¢j r = ¢;j and gj , = ¢;, assumption [C3] is satisfied with C3 = 1. Note that
the same holds true for the multivariate Haar basis defined in the more commonly used way
(see Cohen (2003), chapter 2): {¢;(t) = ngl T,Z);uj%(tz)}, where | = (j, k,w) such that j € N,
kc{l,...,27}%and w € {0,1}%\ {0} with ¢2k and ¢g1,k being the scaled and shifted mother
wavelet and father wavelet, respectively.

Compactly supported wavelet basis Since we are not limited to the case C3 = 1, any
orthonormal wavelet basis satisfies assumption [C3], as long as the wavelets are compactly
supported and provided that the coefficients ¢; and g; depend on the level of the resolution
and not on the shift.

3.2. Examples of estimators satisfying [C6]
We present below pilot estimators that in two different contexts satisfy assumption [C6].

Tensor-product Fourier basis For the first example, we assume that the orthonormal
system {i;} is the tensor product Fourier basis. Then we have sup; sup;ea |¢;(t)| < 2%2. The
anisotropic Sobolev ball with radius R and smoothness o = (071, ...,04) € (0,00)¢ is defined

by
WER) = {130, 2 el alr? < R).

The estimator we suggest to use is constructed as follows. We first estimate 6;[f] by (/9\1 =
% > zigi(t;). Then we choose a tuning parameter 7' = T,, > 0 and define the pilot estimator

Of,= > b (20)
leS% e <T
To ease notation, we set N1(T) = {l € S5 : ¢, < T} and No(T) = S\ M (T).
Lemma 1. Assume that either one of the following conditions is satisfied:

e c satisfies the condition Y, ¢; ! < oo,
e ¥ C W§(R) for some R > 0 and for some o € (0,00)? such that & = (33, L)~! > d/4.

[

If T =T, — oo so that IN1(T)| = o(n'/?), then ﬁ}n defined by (20) satisfies [C6].
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Compactly supported orthonormal wavelet basis The same method can be applied
in the case of an orthonormal basis of compactly supported wavelets of Lo[0, 1]d. We suppose
that the coeflicients ¢; = ¢; g correspond to those of a Besov ball B3 ,, i.e., ¢; = 275 and that
o=s—d/4>0. Let us set, for J € N,

. N ~ 1
Inf, = Zke[1,2J]d OjpPrke  Where g = - Zi:l QTiSDJ,k(ti).

Lemma 2. If J = J, tends to infinity so that 27% = o(n), then supsex, E¢||ILf — ﬁ?nH‘l —0
asn — oo.

In the following two subsections, we apply the previous results to two examples of quadratic
functionals involving derivatives. The orthonormal system we use is the tensor product Fourier
basis.

3.3. Testing partial derivatives

We assume here that f belongs to a Sobolev class with anisotropic constraints and the
quadratic functional ) corresponds, roughly speaking, to the squared Lo-norm of a partial
derivative. More precisely, let ¢ € Ri and o € Rﬂlr be two given vectors and define, for every
leL=17% {0},

d | d .
Q= szl(lej)Zo‘J, and = ijl(lej)Q g,

We will assume that Z;l:l(aj/aj) <1

For a function f = >, .01 € L2(A), we set ||f||%7c =Y e abf and ||f||%7q = > e ab?
Then, for a 1-periodic function which is differentiable enough, and if the a; and o are integers,
we have

i @ o d g 0j
IF115q = 19 % f/oesr .. otgel3,  and  [|f]5. = ijl 1877 f /0|13

Proposition 4. Let us define 6, o, (kj) and k by 6 = 2421 ajjoj, 1 = 52?21 Jij, Kj =

j G
%j + i—j 2;‘6‘&% and Kk = 27:1 kj. If 0 <1 and & > d/4, then the exact minimaz rate v}, ., is

given by 1y, ., = Cir;(1+0(1)), where the minimaz rate r;, and the exact separation constant
are

25(1-9) 5(1-9) 2(1+8)5+d

rh=mn dotd and  C = (42%7,\//2/10(61,0',(1)) 10+d (1 4 25~ 1) 204D

with
H?:1 (ki)
(T2 03) (1 = OL(s +2).
Furthermore, the sequence of linear U-tests ¢, of Theorem 1 is asymptotically minimaz with

Ty~ () 2142671,

C(d,o,a) =7

Remark 5. The previous result can be used for performing dimensionality reduction through
variable selection (Comminges and Dalalyan, 2011). Indeed, in a high-dimensional set-up it
is of central interest to eliminate the irrelevant covariates. The coordinate ¢; of t is irrelevant
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if f is constant on the line {t € A : t; = a; for all j # i}, whatever the vector a € A is. This
implies that the " partial derivative of f is zero. Therefore, one can test the relevance of
a variable, say t1, by comparing ||0f/0t1||2 with 0. In our notation, this amounts to testing
hypotheses (5) with Q[f] = |[f[|34 such that g = (2nl1)?>. Combining Proposition 4 and
Theorem 1, one can easily deduce a minimax sharp-optimal test and the minimax sharp-rates
for this variable selection problem.

Remark 6. Another interesting particular case of the setting described in this subsection
concerns the problem of component identification in partial linear models (Samarov et al.,
2005). We say that f obeys a partial linear model if for some small subset J of indices
{1,...,d} and for a vector B € RI’‘l, one can write f(t) = g(t;)+ Bt o for every t € A. The
problem of component identification in this model is to determine for an index j whether j € J
or not. This way of addressing this issue is to perform a test of hypothesis Q[f] = || f[|5.q = 0,
where ¢ = (27le)4. Roughly speaking, this corresponds to checking whether the second order
partial derivative of f with respect to t; is zero or not (if the null is not rejected, then
j € J¢). Once again, Proposition 4 and Theorem 1 provide a minimax sharp-optimal test for
this problem along with the minimax rates and exact separation constants.

Remark 7. In the case where the covariates t; are not observable and only z;’s are available,
our model coincides with the convolution model, the for which the minimax rates of testing
were obtained by Butucea (2007) in the one-dimensional case with simple null hypothesis. It
would be interesting to extend our results to such a model and to get minimax rates and, if
possible, separation constants in the multidimensional convolution model.

3.4. Testing the relevance of a direction in a single-index model

Recall that a single-index model is a particular case of (1) corresponding to functions f that
can be written in the form f(t) = g(3g t) for some univariate function g : R — R and some
vector By € R%. Assume now that for a candidate vector 3 € R?\ {0} we wish to test the
goodness-of-fit of the single-index model (Dalalyan et al., 2008, Gaiffas and Lecué, 2007).
This corresponds to testing the hypothesis

dg:R—R such that f(t)=g(BTt), VteA.

This condition implies that g_t]:(t) ||,6||2 Zj 15 Btj( ) = ||,6||2 BIVf(t), Vi e {1,...,d},

which in turn can be written as

> (o - aig #VI0) =0

i=1

Without loss of generality, we assume that ||3]|2 = 1 and set ¢ = 2?11(277)2 (Li— (,@Tl)ﬁi)Z
2m)2(||L|3 — (B871)?). We consider homogeneous Sobolev smoothness classes, that is ¢ =

Z?ZI(QWZZ')%, with ¢ > d/4. Then, when o is an integer, for a 1-periodic function which is
smooth enough,

1 1Be = Z |5 57

and ||f|3q = Z |5 - siteva|”
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To state the result providing the minimax rate and the exact constant in this problem, we
introduce the constants

1
L [l = (87 = i),

_ 1
= Gy / (1113 = (87%)%) (IIxI3 = (8% — [Ix[137) , dx,

Co =

and C_'Q = 61 — éo.
Proposition 5. In the setting described above, the exact minimaxz rate vy, ., is given by ry, . =

Cyri(1+40(1)), where

_ o _dta_ _
2(c—1) AT, _ C./C5) 20— (2 %—1
rh=mn" 4otd and CF = ( L 04/2( 1/Ch) _ 1)4 i
o¥1(c —1)Cy

v

The sequence of tests ¢, of Theorem 1 is minimax sharp-optimal if T = T, - is chosen as
T = (C;T;)_Q (01/02)

4. Nonpositive and nonnegative diagonal quadratic functionals

In this section we consider the more general setting obtained by abandoning the assumption
that all the entries ¢; of the array q have the same sign. That is, we still have Q[f] = >,/ q6?,
but now

Liy={l:q>0}#2 and L_={l:q<0}#02. (21)

The sets Fy and Fi(ry,) are defined as before, cf. (5), and we use the same notation as in the
positive case. Namely, for T' > 0, we set N(T') = {l € Sp : ¢, < T|q|}, N(T) = [N(T)] and
M(T) = ZleN(T) ql2-

We point out that, in the case considered in this section, a phenomenon of phase transition
occurs: there is a regular case in which the rate is independent of the precise degree of
smoothness, and an irregular case where the rate is smoothness-dependent. To be more precise,
let |@| denote the diagonal positive quadratic functional whose coefficients are |g| for every
l € L. Let us recall that the minimax rate 7} in testing the significance of |Q|[f] (see Remark
4) is determined by

n(r*)Z - M(T*_Z)l/z.

n n

In our context, this rate corresponds to the irregular case: if 3 contains functions that are
not smooth enough (compared to the difficulty of the problem, that is to say if ¢;’s are
“too large” compared to ¢’s), the minimax rate corresponding to @ is the same as for |Q|
obtained in previous sections. By contrast, in the regular case, the minimax rate is smoothness-
independent and equals 7} = n~1/4,

4.1. Testing procedure and upper bound on the minimax rate

The testing procedure we use in the present context is of the same type as the one used
for nonnegative quadratic functionals. More precisely, for a tuning parameter T, and for a
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threshold u, we set ¢,(T) = 1|y, (1)|>u, Where the U-statistic U, (T) is defined by

rJn(T):@)_l/2 S i Gr(ti ty).

1<i<j<n

with Gr(t1,t2) = M(T) ™2 3 ey @i (61) @1 (ba).

Theorem 3. Let v € (0,1) be a fized significance level. Let us denote by Tq[f| the linear
functional T[f] = ZleN(T) q19[f)e1. Assume that T > 0 is such that the assumptions

[D1] there exists Dy > 0 such that IN'(T)| maxjenr(ry g < Di 2 leN (T) qa,
[D2] there exists Dy > 0 such that supgen Y e pr(r) 21(t)* < Do N (T,
[D3] there exists D3 > 0 such that sup ey, || flla < Ds,

[D4] there exists Dy > 0 such that supsey || f - To[f]ll2 < Da,

are fulfilled. Set By =6 + 12D1D2D§ + 6D1D2D§1 and Bo = 4Dy4. Then, for every

u > _n _i_,yfl/Q(Bl —i—BQnM(T)fl)l/Q,

T/2M(T)

the type I error is bounded by v/2: sup ez, Pr(én(T) = 1) <
If, in addition,

2

P > [u+ Y2 (B + Bandr (1)) V3 2L A:(T) + g

then the type II error is also bounded by v/2: supscr, (p) Pr(on(T) = 0) < 3.

As a consequence, if we choose u = (2M(T))~Y2(n/T) +~~1/2 (By + BanM(T)™') "' then
the cumulative error rate of the test ¢, (T) is bounded by ~y for every alternative Fi(p) such
that p* > 4y~Y/2n=1(ByM(T) + Byn)"/* + 2271,

1/2

This theorem provides a nonasymptotic evaluation of the cumulative error rate of the linear
U-test based on the array w; o< ¢; truncated at the level T'. In the cases where the constants B
and Bj can be reliably estimated and the function M (7T") admits a simple form, it is reasonable
to choose the truncation level 7' by minimizing the expression 4y~/2n~1 (B1M(T)+Ban) V2,
2v/2T~1. By choosing T in such a way, we try to enlarge the set of alternatives for which the
cumulative error rate stays below the prescribed level . Therefore, the last theorem implies
the following non-asymptotic upper bound on the minimax rate of separation:

(22)

4(B,M(T) + Byn)'"? 22
+ )

* 2 < M
(T7.~) inf ( Y

T T>0
This non-asymptotic bound clearly shows the presence of two asymptotic regimes. The first
one corresponds to the case where n is much larger than M (T*), whereas the second regime
corresponds to n = o(M(T*)). Here, T* is the minimizer of the bound on p? obtained in
the theorem above. The next corollary exhibits the rates of separation in these two different
regimes.
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Corollary 1. Assume that the arrays q and c are such that M (aT) <p_oo M(T) for every
a > 0. Let T? be any sequence of positive numbers satisfying TOA/M(T9) < n. If for the
sequence T, = T2 A n'/2 all the assumptions of Theorem 3 are satisfied, then for some C' > 0
the linear U-test ¢, (T) based on the threshold T = T,, satisfies

’Yn(f07f1(CTn_1/2)a¢n) < -

Thus, the rate of convergence is v, = (T9)~Y/2 if TO = o(n'/?) and r = n='/* otherwise.

Remark 8. Condition [D4] of Theorem 3 is more obscure than the other assumptions of
theorem. Clearly, it imposes additional smoothness constraints on the function f. Using the
Cauchy-Schwarz inequality, one can easily check that either one of the assumptions [D4-1]
and [D4-2] below is sufficient for [D4]:

[D4-1] For some constants D5 and Dg, sup ses, || flloo < D5 and maxjep 7y [q1/ci| < De.
[D4-2] For some constant D}, sup ey [[To[f]ll4 < Dj.

4.2. Lower bound on the minimazx rate

We will show in this subsection that the asymptotic rate of separation provided by Corollary 1
is unimprovable, in the sense that there is no testing procedure having a faster separation
rate. To this end, for every a € {—, +} we set Mo(T) = X ez, v (m) q?, No(T) = |L,NN(T)],

M*(T) = M4(T) v M_(T), NXT) = N+(T)1{M+(T)>M,(T)} + N*(T)l{MJr(T)SM,(T)}-

Theorem 4. Let us consider the problem of testing Hy : f € Fo against Hy : f € Fi(p),
where Fy and Fi are defined by (5) and

sp={f=3_0lfe: 3 ablf* <1 IflaVIlf-Tolfll < L}.

Assume that the sets L4 and L_ defined by (21) are both nonempty and that §;’s are Gaussian.
The following assertions are true.

1. For every v < 1/4 there exists C > 0 such that liminf,, o v, (Fo, F1(Cn=/4)) > ~.
2. Let TY be a sequence of reals such that 4TO\/M(T9) > nz;' . as n — oo. If the

1—v/2
assumptions [D1] (c¢f. Theorem 8) and
[D5] N*(T?) — oo so that N*(T?)log N*(T?) = o(n),
[D6] there exists Dg > 0 such that supgea D je (1) @1(t)? < DgN*(T9),

are fulfilled, then there exists C' > 0 such that liminf, . v, (.7-"0,.7:1 (C(T,?)flp)) > .

Corollary 2. Combining the two assertions of this theorem, we get that the minimazx rate of
separation 1% is lower bounded by n~Y* v (T9)~1/2 = (n¥/2 A T9)~1/2 = T, /2. Thus, if the
conditions of Theorems 8 and 4 are satisfied, then the minimazx rate of separation is given by
rh = Tn_l/z, where Ty, = n'/2 ATO and TO is determined from the relation TOM (T°)Y/? < n.
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4.3. Testing equality of norms

As an application of the testing methodology developed in this section, we consider the
problem of testing the equality of norms of two functions observed in noisy environment.
More precisely, let us consider the following two-sample problem: for i = 1,...,n we observe
(1‘171'71717@') and (.%'272‘,13272‘) such that

xsi:gs(ts,i)+£s,i, t=1,...,n; s=1,2,

)

where t;’s are independent random vectors drawn from the uniform distribution over [0, 1]¢.
Furthermore, we assume that & ;’s are i.i.d. such that E(&;[{ts;}) = 0, E( g,ths,j}) =1
and, for some C¢ < 00, E(&];|{ts;}) < C¢ almost surely.

Assuming that both g; and g» belong to a smoothness class ¥, we wish to test the hypothesis

Hy : [|g1ll2 = llg2ll2; against  Hy : [|g1]3 — llg2l3| > p*.

It can be useful to perform such a test prior to using a shifted curve model in the context of
curve registration (Dalalyan and Collier, 2012, Collier, 2012). Indeed, if there exists 7 € [0, 1]¢
such that g;(t) = go(t — 7) for every t € [0,1]¢ and the function g; is one-periodic, then
necessarily ||g1(l2 = ||gz2|l2- Thus, the rejection of the null hypothesis implies the inadequacy
of the shifted curve model. In order to show how this type of test can be derived from the
framework presented in the previous subsections, let us consider the case of a Sobolev ellipsoid
3.

Let {tm }1eam be an orthonormal basis of the subspace La ([0, 1]4) of La([0, 1]¢) consisting of
all the functions orthogonal to the constant function. We will assume that both g; and g are
centered (this implies that they are orthogonal to the constant function as well). The Fourier
coefficients of a function g w.r.t. a basis {¢,} will be denoted by 64[g]. We assume that for
some array ¢ and some constant L > 0 it holds that

g2 ={g€Loc(0,0): Y] bl <1 llgla <L}, Vse {12}

meM

Assume now that we wish to test

Ho: Y aqmbilon)? = D amOinlos)®,  against H ‘ PRI —9%[92]2)‘ > 7,
meM meM meM

where q = {¢,»} is a given array. In order to show that this problem can be solved within the
framework of the previous subsections, we introduce the functional set

Y= {f : [O, 1]2d — R f(ty,... ,tgd) = gl(tl, e ,td) +gg(td+1,. .., taq) with g1,92 € EOL}
Setting £L = M x {1,2} and for [ = (m,s) € M x {1,2}
@(t1,te) = Y(ts),  forall  t=(ty,t2) €[0,1]¢ x [0,1]¢,

we get an orthonormal basis of ¥r. Clearly, for a function f € X, we have 67[f] = 0, s[f] =
6% [g,]. This implies that ¥, is included in the set Y2 ={f: > (m.s) e s[f]? <25 |Iflla <
2L} and contains the set ¥ = {f : > (m.s) embin.s[f12 < 1, ]| f]la < L}. Therefore, for studying
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the rate of separation of a testing procedure we can assume that f € E%, whereas for estab-
lishing lower bounds on the minimax rate of separation we can use the relation Ei CcX¥r. In
both cases, this perfectly matches the framework of the previous subsections.

We give a concrete example by setting M = Z? and choosing as {¢,,} the Fourier basis
in dimension d. Similarly to the example in Subsection 3.3, we focus on anisotropic Sobolev
smoothness classes defined via coefficients

d
Cm = Z(mei)%i, m e 7%,
i=1
for some o = (01,...,04) € Rﬂlr. As it was done previously, ¢ stands for the harmonic mean

of o;’s: ¢ = (é Zgzl o; 1)71. To test the equality of norms, we introduce the coefficients ¢,
l = (m,s) € Z% x {1,2}, of the quadratic functional Q:

Gm.s = (—1)°, (m,s) € Z% x {1,2}.

Theorems 3 and 4, as well as the computations done in the proof of Proposition 4, imply that
the minimax rate of separation in the problem described above is: 7}, = n_%id/\i. This rate
shows that the watershed between the two regimes corresponds to the condition ¢ = d/4.
In other terms, we are in the regular regime when ¢ > d/4. It is interesting to note, even if
we are unable to establish a direct connection, that this is also the regime under which the

Sobolev embedding W§ C L4([0,1]¢) holds true.

Appendix A: Proofs of results stated in Section 2
A.1. Proof of Proposition 1

Throughout the proof, the terms o(1), O(1) and the equivalences are uniform over X. Let
L(w,,) be the support of w,. E}?Q will denote the conditional expectation with respect to Ds.
We define

lfow) = (M=) S e 2
Gnlt1,t2) = Y wiapi(t)e(ts). (24)
leL(wnp)

This allows us to rewrite the U-statistic U,, in the form U,, = U, o + U, 1 + U, 2 where

Un,k = <ﬁ)1/2 Z Kn,k(il’ij), k= 0, 1’ 2,

m—1 —
1<i<j<m

are U-statistics with the kernels

K 0(21,22) = §1£Gn(t1,t2), (25)
Ko (21,22) = [&0(F = T1],) (b2) + &2(F — T17,,) (61)| Gl £2), (26)
Kn2(Z1,22) = (f = I0Lf,)) (61) (f — ILf,,) (62)Gin (t1, $2). (27)

To prove Proposition 1 and the subsequent results, we need two auxiliary lemmas.
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Lemma 3. Let w,, = (w;n)iec be a family of positive numbers containing only a finite number
of nonzero entries and such that ), , wl = 1. Let L(wy,) be the support of wy. Then the
expectation of the U-statistic U, is given by

Ef[Un] = Ef[Una] = half, wnl,

whereas for the variances it holds

Ef[UnQ,o]:L
B{U2] < 2wl (sup 37 et ®)) (I S13 + B 117 ~ 117, 18] ). (28)
Vars[Una] < 8wal% <fuple% et (0)) (1M FIE + By (1017 = TT7,14])
Fhlfwlbvel(np 3 ) (s, 1+ 2 0y — 7,080
o (29)

Proof. 1t is clear that E;U, g = E;U, 1 = 0, while

EfUps) = (W)l/zEf[ng(il,iQ)]

with
E¢[Kp2(21,29)) = Ef [Zleﬁ(w”) wl,n(/ (f(t) - ﬁ?n(t))W(t)dt) 2]-

As ﬁfn € span({gpl}les%), we have ff[?fngm = 0 for all [ € Sg. Therefore

1)\ 1/2
Ef[Un,Q] = <%> Zlel)(wn) wl7n912[f] = hn[fa Wn]

Now, let us evaluate the variances. Since ;s are non correlated zero-mean random variables
with variance one, and ¢;’s are orthonormal, it holds that Ef[U7Z,] = Ef[Gn(t1,t2)?] =
> wlzn = 1. For U, 1, we have

Varf[Up,1] = Ef[U 1] = EfE{? KL 1 (21, 22)].

Using the definition of G,,(t1,t2), we get
Do 2 (=~ & T )2 2
Ef [Kn,l(ZhZ?)] - 2/ / (f - an) (tl)Gn(tlth)dtldtQ
/ (f an Z wl nPl (tl)dtl

lEE(Wn)

<2( max )w,ﬁn)( T DRI {0} [V A

teA

Then, the Pythagoras theorem yields

Efl|f =TLf, |13 = IIf = TLf|I3 + Ef[TLf — ILf |13 = |Tsp. f113 + Ef[ITLf — ILf 13-
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This completes the proof (28). As for the variance of U, 2, we have
Varg[Unp] = EfEP* (U 5] = (Ef[Unp])® = A + Ana + Ana,

where

Apy = Ey // (f - ﬁ}n)Q(tl)(f - ﬁ?n)z(tQ)G%(tlatZ)dtldtZa
4 m —~ 9 .
A= () By [[[ (=700 (6 = ) ()Gt

X (f — ﬁ.\fn) (tg)Gn(tl, tg)dtldtgdtg,

and

Aps = ﬁ (T) Ef{ // f(tl)f(tg)Gn(tl,tg)dtldtg}z — (ByUp )%

Let us bound the first term A, 1:

A =B S wra( [ - TP ae)a) i)

Li'el(wny)

Now, in view of Bessel’s inequality,

Ap1 < max wlnEﬁ Z /f an L(t)p? (t) dt

leL(wn leL(wny)
< Cams ) (22 e #H0) 5 17 =T ]

and the expression inside the last expectation can be bounded using the inequality H f-

—~ 4 _
The term A, » can be dealt with similarly. Using the Cauchy-Schwarz inequality,

Mz =t () 5 vl A0AE [ (7 TE) O (6 it}

LUeLl(wy)
<(3) (mubar)( 3 {fBlu-meaomoa))”
< (zeﬁlﬁfmwl n) n[f,wn](l,l’eﬁz(wn) Ef{/(f—an) (t)SDl(t)SDI/(t)dt}?)l/z

By virtue of the Bessel inequality, it holds that

Ana < (e wiaialrownl (Y [ B[ -7 @) de)

leL(wn
(wn) lEE(wn

< (o w)molfowl (sup 30 brde) " (01 - 704

leL(wn) teA leLlwn)
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The last expectation can be bounded in the same way as we did several lines above for the
term A, 1. The last term A,, 3 is actually negative

B 4 m 2 m(m-—1) 2
An,3 = m(m — 1) <4> <Zleﬁ(wn) wl,n‘912> - 9 (Zleﬁ(wn) wl,nHIQ) <0.

Combining all these estimates, we get (29). O

Lemma 4. Let w,, = (wyn)iec be a family of positive numbers containing only a finite number
of nonzero entries and such that ), . w?n = 1. Assume that the random variable & has finite

fourth moment: E¢[¢]] < oo. If, as n — oo,

2
[wlle =01)  and ol (sup D2, (67 = ofn) (30)

then Uy, o is asymptotically Gaussian N(0,1).
Proof. This result is an immediate consequence of (Hall, 1984, Theorem 1). O

With these tools at hand, we are now in a position to establish the asymptotic normality
of the U-statistic U,, which leads to an evaluation of the type I error of the U-test. Let us
recall that, for f € Fo, it holds Q[f] = > q0i[f]> = 0 and, therefore, 6;[f] = 0 for all
l € Sp=A{l:q # 0}. Hence, for every f € Foy, hp[f,w,] = 0 and Ilg, f = 0. So, it follows
from Lemma 3 that under the assumptions of the proposition, the convergences Ef[Unz,ﬂ — 0
and Ef[UfL,Q] — 0 hold true uniformly in f € Fy. This implies that U, ; and U, > tend to
zero in Pr-probability, uniformly in f € Fy. On the other hand, according to Lemma 4,
Up,o — N(0,1) in distribution. The claim of the proposition follows from Slutsky’s lemma.

A.2. Proof of Proposition 2
We first note that for every h > 0 it holds

sup Pr(U, <u) = ( sup  Pr(U, < u)) \/ < sup  Pr(U, < u)) (31)
feFi(p) FeFi(p) feFri(p)
hn[fswn]>h hn[fwn]<h

The value of h will be made precise later in the proof. Assume merely by now that A > 2(1+u).
Then,

Var ¢ |U, Var ¢ [U,,
sup Pf(Un < u) < sup L]Q — sup aI‘f[ ] -
hf[effl(l}));/;, FEShnlf,wn]>h (Ef[Un] — u) FES hn[f,wn]>h (hn[f, wy] — u)
n|JyWn >

Using the conditions of the proposition and the inequalities of Lemma 3, we get that for some
constants C, C’ independent of h,

1 1+h
sup  Pr(U, <u) < sup CA+ hnlf, wn]) < C— +h

fFeF1(p) _ fEShnlf,wn]>h (hn Lfswn] — U)2 B (h - U)
hn[fwn]>h

s <C'h7t (32
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Let us switch to the second sup in (31). Let d,, > 0 be a sequence tending to zero. One readily
checks that

Pf(Un < u) = Pf(hn[fa Wn] + Un,O + Un,l + (Un,Q - hn[f7 Wn]) < u)

< Pf(hn[fa wn] + Un,O <u-+ 571) + Pf(_Un,l - (Un,Q - hn[fa wn]) > 5n)
2Vary(Un1) +2Vary(Up2)

62 ’

< FUo,n (u — holf, Wn] + 6n) + (33)

where Fy, ,(-) is the c.d.f. of Uy,. On the one hand, we know from Lemma 4 that U, g
converges in distribution to A(0,1). This entails that Fy;, , converges uniformly over R to ®.
Therefore,

FUo,n(U — hp[f, Wil + 6n) = ®(u— hyp[f, wp] + 6n) + 0(1) = ®(u — hy[f, wy]) +o(1) + 6,0(1).
On the other hand, in view of Lemma 3, Var(Uy 1) + Vars(Up2) = O(|[Hs, f113+ [|Hs, f]13)-

Then we have,

Hnspfrr%:Ze?sCi S w6

lESF n wl’nZCn wl,n<<n
2h
< \/_ n[fawn] + sup lel‘
Cn(m - 1) leSFiwL,n<Cn

Applying Holder’s inequality we get ||Ils, f||7 < ]]HSFf\\g(p_4)/(p_2)HHSFfHIZ,p/(p_Z). There-
fore, we have

R0—4)/(p—2) 4 f
sup  Pp(U, <u) < sup @(u— hy[f,wy]) +0o(1) +5,0(1) + o(1)(h 5 + h).
fEF(p) _ fEF1(p) o
hn[f,Wn]Sh

Choosing h large enough and then making d,, tend to zero sufficiently slowly we get the desired
result.

A.3. Proof of Proposition 3

Using Kneser’s minimax theorem for bilinear forms (Kneser, 1952), we can interchange the
sup and the inf as follows:

sup inf (w,v) = inf sup (w,v) = inf Iv]]2, (34)
weRL veRi veRf_ WERi VeRf_
[wll2=1 (v,e)<1,(v,q)>p? (Vi) <L,(v,@)>p? ||w|2=1 (v,e)<1,(v,q)>p?

Furthermore, the array w* attaining the sup is given by w; = v;/||v||2. Now, the minimization
at the right-hand side of (34) involves a convex second-order cost function ||v||3 and linear
constraints v; > 0, (v,c) < 1and (v,q) < p?. Therefore, according to KKT conditions, if there
exist u, A > 0 and v € ]Rf_ satisfying for some v* € ]Rf_ the conditions 2v* + Ac —uq —v =0
and A((v*,c) — 1) =0, u({(v*,q) — p*) = 0 and v} = 0 for all [, then v* is a solution to the
minimization problem (34). Under the conditions of the proposition, one easily checks that
these KKT conditions are fulfilled with A\ = 2/, c;/(Tpq1 — c1)+, p = 2T,/ > c(Tpq — 1)+

and v; = 2(¢; — Tpq1)+/ D a(Tpq — 1)+
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A.4. Proof of Theorem 1

To ease notation, we set N, 4 = N (T}, 5). We first check that under the assumptions of the
theorem all the conditions required in Propositions 1 and 2 are fulfilled. Since ||W}||o = [Ny
and [|W} |2, < maxep, . g; /Zle/\/na, (@ — —’W)Q, condition [C1] implies the first condition
of Proposition 1. Conditions [C3] and [C4] imply respectively the third and the second con-
ditions of Proposition 1. Finally, condition [C6] implies the fourth condition of Proposition 1.
Thus, we have checked that under the conditions of the theorem, the claim of Proposition 1
holds true. To check that the claim of Proposition 2 holds true as well, it suffices to check the
first assumption of that proposition (the second one being identical to [C7]). In fact, it is not
difficult to check that the first assumption of Proposition 2 follows from [C2], [C4] and [C5]
for the sequence (2 = miney;, . ¢7 /4 Zle/\fn,y qat.

Therefore, combining the results of Proposition 1 and 2, we get that

'771(]:0’]:1(71;,7)’ é;:z) < q)(_zlf'y/Q) + ‘1)(21,7/2 - inffE]ﬁ(r;‘L’,y) hn[f, ?V;;]) + 0(1) (35)

In view of Proposition 3, the infimum over f of h,[f, W] can be evaluated as follows:

. Sk m(m_l) 1/2 : ~x n2
infrer (") hf, W] = <#) OcRE: glfcze?d ZI: Win

S a7 )?

— 1/2
<M) 2 @)

2 VERiz(v,c)gl
(Vvq>2(7"§§,7)2
— 1/2
(DY 2 e

2\1/2

_ <m(m - 1))1/2 (Xien, (Toqya — a1)?)
_ . |

>ien,, ATnya — )

Inserting this expression in (35) and using (15), we get that

’771(‘7:0’]:1 (T;kz,'y)’ é;;) < q)(_zl—'y/Q) + q)(zl—'y/Z - 2Z1—’y/2 + 0(1)) + 0(1)
=2®(—21-4/2) + 0o(1) =7+ o(1).

A.5. Proof of Theorem 2

The proof of the lower bound follows the steps of (Ingster and Sapatinas, 2009). However, we
considerably modified the way some of these steps are carried out which allowed us to relax
several assumptions and resulted in a shorter proof.

Let us recall that 0[f] = (6;[f])iec € ¢2(L) is the array of Fourier coefficients of a function
in Ly(A) w.r.t. the system (¢;)iez. We introduce the sets ©1(p) = {8 € £o(L) : (c,0%) <
1, (q,0%) > ,02} and ©g = {9 clL): (c,0%) <1, (q,0%) = O} Where we used the notation
6% = {0?},c.. Clearly, if f belongs to the functional class Fi(p) (resp. Fo) then 0[f] € ©1(p)
(resp. B]f] € Op).

Let C' < 1 be a constant. Our goal is to prove that v,(Fo, F1(Cr;, ) > v + o(1). To get
this lower bound, we define prior measures that are essentially concentrated on the sets ©g
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and ©;. Let 7} and 72 be measures on the space ¢(L) such that 7.(0g) = 1 + o(1) and
m2(01(Cr}: ) = 14 0(1). Those priors lead to the corresponding mixtures:

P (A) = /Pg(A)T(‘;(dO) for every measurable set A C (A x R)", i=1,2.

If v (Pr1, Prz) = infy.axryn—1,2) {Pﬂ}b(zp =2)+ Pr2(¢p = 1)} is the minimal total error
probability for testing the simple null hypothesis Hy : P = P;1 against the simple alternative
Hy : P = P2, then we have (see Proposition 2.11 in Ingster and Suslina (2003))

Vn(fmfl(cr;kz,fy)) 2 fyn(PW,,l” PW%) + 0(1)

As shows the next result, to get the desired lower bound, it suffices to show that the Bayesian
log-likelihood log(d P2 /dPp1) is asymptotically equivalent to a Gaussian log-likelihood.

Lemma 5 (section 4.3.1 in Ingster and Suslina (2003)). If there exists a deterministic sequence
uy and a sequence of random variables n, such that under Pri-probability n, converges in
distribution to N'(0,1) and

2

log(dpﬂ%/dpw%) = UnpTn — % + OP(1)7 (36)

then ’Yn(Pw}La Pw%) > 2‘13(—11,”/2) + 0(1)'

For our purposes, we choose 7} to be the Dirac measure in 0 and denote the corresponding
mixture probability Pr1 by Fp. It is clear that with this choice 71 () = 1. We now explain
how 72, that we will call 7, from now on, is built. Let a, € ]Rf_ be an array containing a
finite number of nonzero elements. Let L£(a,) be the support of a,, i.e., a; # 0 if and only if
l € L(a,). We assume that L(a,) C Sr and define m,(d@) as the Gaussian product measure
such that under 7, the entries 6; are independent Gaussian with zero mean and variance a;.

Proposition 6. Let 6 € (0,1) be such that 1 —§ > C. Assume that a, = (1 — 0)v,, and, as
n — 00, the following assumptions are fulfilled:

[L1] (c,v,) <1 and (q,vy,) > (T;,y)Qf

[L2] maxjep(v,)(@or) = o({q,v)) and maxies(y,,)(cvr) = o((c, v)),
[L3] [vnllo = o0 and n|vn|Z[[vall§log [vallo — 0,

[L4] 2][ValloclVallg”™ — 0 and [[valls = o(|[vall2)-
[L5] For some Ls > 0, it holds }2c p(a,) ©?(t) < Ls|lanlo-

Then, as n — oo,

_n(1-9)
22

Proof. The proof of this proposition will be carried out with the help of several lemmas. The
fact that m, (©1(Cr}, ) =1+ o(1) is proved in the following lemma.

Tl Fo F1(Cr ) = 200 [Vall2) +o(1). (37)

Lemma 6. Assume that a, = (1 — §)v,, satisfies [L1] and [L2]. Then, for every § € (0,1),
it holds that m,(©1(Cry)) =1+ o(1).
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Proof. Let us denote H1(0) = 3", 167 and Ha(0) = 3, ¢b7. In view of [L1], we have
/7‘[1(9)71'”((10) = qual > (’I“:;,Y)Q(l - 6), /7‘[2(0)71'”((10) = Z cray <1-— 0.
lel lel

On the other hand, since the variance of the sum of independent random variables equals the
sum of the variances of these random variables, we get

/7—[1(0)27rn(d0) — (/7-[1(9)27Tn(d9))2 = ZZqIQalz < 2(q, an>l€rr£1?;i (qa).

lel )

By Tchebychev’s inequality, we arrive at

2 max (qzvz)
| N 1€L(vn)
(60 : H1(0) < (Cry4) ) < C2(1 - C)2(q,vy)’
QmaXleL(vn)(clvl)

T (0 : Ha(0) > 1) < 8%(c,vp)

The claim of the lemma follows now from condition [L2]. O

Second, we show that for every p > 2 and every L > 0, the probability 7,(8 : || >, diill, > L)
tends to zero. Indeed, in view of the Tchebychev inequality and Fubini’s theorem,

wn<0 : H Zz HMHP > L) < L‘p/AEM[ ;91901@) p} dt.

Using the fact that for every fixed t, the random variable ), 6;¢;(t) is Gaussian with zero
mean and variance Y, a7 (t), we get

w(o: | Sital, > 1) <per [ | Saio

The last expression tends to zero as n — oo in view of condition [L3].

p/2
2
dt < p!LE*L(||ay, oo |an]|0)”/%.

We focus now on the proof of (36). Set m = [L(a,)| and let ®,, be the m x n matrix having as
generic element (®,); = ¢;(t;). Let A, be m x m diagonal matrix having the nonzero entries
of a, on its main diagonal. It is clear that under Py, conditionally to T,, x = (x1,... ,mn)T
is distributed according to a multivariate Gaussian distribution with zero mean and n x n
covariance matrix R,, = @gAnfbn +1I,,. Therefore, the logarithm of its density w.r.t. Py is given
by

P, 1 )
log< P, (x;tq,... ,tn)> = —§(logdetRn +x"(R T — I,)x).

In what follows, we denote by [[M[| = supjx,—1 [Mx||2 the spectral norm of a matrix M.
Lemma 7. Let R, = nh, + I, and m = my, — oo. If n?||lay||X |anlo]| 2 @n®,) — In|? =

op(1) and | Tx[R, 'B,]| + E[|€ "R, 'B,R,, "¢|] = op(1), then under Py it holds log (dPr, /dPy) =
—3(logdetR, + ETRT - In)€) + op(1), where & ~ Ny (0,Ip,).
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Proof. Let us denote R, = }/ 2<I>n<I>7TL A,lq/ 24 I,m, Bn = R, — R, and introduce the function
g(z) = logdet(R, + zB,,) for z € [0,1]. One easily checks that g(1) = logdetR,, = logdetR,,
g(0) = log detR,, and ¢'(z) = Tr[(R,, + 2B,) 'B,]. Therefore, the relation g(1) — g(0) = ¢'(z)
for some z € [0,1] implies

|log detR,, — log det R,,| = | Tr[(R,, + 2B,,) " 'B,]|
< | Tr[R, 'Bull + mll(Rn + 2B,) ™" — Ry, '[[l|Ball-

1

Using the identity (R, + zB,)~! —R,* = —Z(R,, + 2B,) 'B,R, ', we get

|log det Ry, — log det Ry | < | Tr[R;, 'By]| + mll(Rn + 2B,) ' [IR; [ [B.
< | Tr[Ry, "Ba]| + B, |,
= = _ _,1/2 T,1/2 _ .

where we used that R,, and R, + zB, = I,, + zA;) " ®,P,A,)" + (1 — Z)nA, have all their
cigenvalues > 1. On the other hand, one can check that ||B,[| < n||A,||[|2@® T — L,,|. Com-
bining these inequalities with the facts [|A,] = [|an]|c and m = ||a,|jo — oo we arrive at
log det R, = logdetR,, + op(1).

The term x ' R, 'x is dealt with similarly. First, using the singular values decomposition of the
matrix A}/ 2<I>n, one can note that for an appropriately chosen vector & ~ N,,(0,I,,), it holds
that x" (R, ! —1,,)x = ET(RZLI —1I,,)€. Then, we introduce the function g(z) = &€ [R,+2B,] '€,
the derivative of which is given by ¢'(z) = —£&" (R, + 2B,) 'Bn (R, + 2B,,) ' &. Therefore, for
some z € [0,1],

€TR, '€ — €TR, €| = ¢ (Rn + 2B,) !By (R, + 2B,) L€
< |€TR,'B,R, €| + |€[(Bn + 2Bn) ! — Bp) " 'Bp (R + 2B) " L¢|
+ 1€ [(Ry + 2B,) ! — Ro] 'B,R, ¢

Tes-1p 5-1
< [€'R,'BuR, €| + 2[5 1B, ]I

It is well-known that ||£]|3 being distributed according to the x2, distribution is Op(m), as
m — o0o. This completes the proof of the lemma. O

According to (Vershynin, 2012, Cor. 5.52), under [C3], we have [|[2®,®] —1,,|| < C’(Mngm)l/2
with probability at least 1—1/n. Furthermore, using the facts that the R,, is a diagonal matrix
with diagonal entries > 1 and that the variance of the sum of independent random variables
equals the sum of variances, one readily checks that E|Tr[R, 'B,]|? + E[|¢ R, 'B,R, "¢[%] <
3C3n||vp||% |[val|3. Hence, condition [L3] implies that the two conditions of the last lemma
are fulfilled and, therefore, its claim holds true. Using the fact that A, is diagonal, we get

1 2
log (dPy, /dPy) = 5 Z (nzcl”—ig—ll —log(na; + 1)) +op(1)
!

na na (€2 —
- %; (nal—il—l —log(nal—i—l)) +;%+01)(1)- (38)

Lemma 8. Let us denote

nllan |2 _ 1 Z”al(ﬁf—l)

Up, = : =— :
" V2 i Un = 2(na; + 1)
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If the conditions mn3||a,||2, — 0, and |la,|l3 = o(||an|l2) are fulfilled, then n, converges in
distribution to N'(0,1) and

1 nay na; (& — 1) u?

- 1 1) ) RS = ) g — 20 (1), 39

32 (o~ los(nar + 2 Yy " o B9
Proof. Since n|lallcc — 0, we have nZl“_il = na; — (na;)? + O((n;)?®) and log(na; + 1) =
na;— (nal) +0((na;)?). This implies that >, (%—log(nal—l—l)) = —2u2+O0(mn3|a,[3,).

On the other hand, using the central limit theorem for triangular arrays, we get the weak
convergence of 7, to N(0,1) provided that u;?>";(na;)3/(na; + 1)3 tends to zero. Since
under the conditions of the lemma this convergence trivially holds, we get the claim of the
lemma. U

Combining Lemma 5 with (38) and (39), we get (37) and the proposition follows. O

To complete the proof of Theorem 2, we shall show now that if we choose T}, - as in Theorem 1
and define v,, by
(Thnya — )+
Zleﬁ Cl(Tn,ﬂ/ql - Cl)+
then all the conditions of Proposition 6 are fulfilled. We start by noting that [L1] is straight-

forward. To check the first relation in [L2], we use [C1] and [N (T}, 5)| — oo, along with the
following evaluations:

V= Vn=

quy a(Tupya — @) i C1
Vi e N(T,, = R < L < .
Tond 4]~ Sala —alr = Sila - 707 = W (Ts)]

For the second relation in [L2], in view of (15), VI € N (T}, ) we have

av  a(Twyq —a) < Th i
(e,v) S aTuya—a)y ~ DaTuq a —a)+
< Thncq ( ) MaX;e (T, ) Cl o).

nToq(S(a — 72)3)"2 — nN(Ts)

The last term tends to zero due to [C9]. From the definition of v,,, equation (15) and condition
[C1] one can deduce that

max; (T ~q — c1)+ < T, max; q

2aalToya—a)s ~ n(>(Tnya —Cl)+)1/2
max; q; (1) = 0(1)
B n’N(Tn,v)‘l/Q max; qi B n‘N(Tnﬁ)ll/Q.

o(1)

[Villoo =

This inequality yields n||v,||%|[valld = O(N(T,.)|/n). Therefore, [L3] follows from [C8].

Finally, to check that [L4] is true, we notice that nanHooanHl/g = O(\./\/(T,W)\%_%) =o(1)
and o
anHg _ Zl( ny4dl — )i < maxy qi < Cl/

valls (ST — e)3)™? ™ (Sular — 72-)2)"2 ~ W(Tao)IV2
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Thus, all the conditions of Proposition 6 are fulfilled and, therefore,

n(l —9)
Q—ﬂuvnm) +o(1).

Since this equation is true for every ¢ € (0,1 — (), it is also true for § = 0, and the claim of
Theorem 2 follows from (15).

W(Fo, Fi(Cry ) = 20 =

Appendix B: Proofs of lemmas and propositions of Section 3
B.1. Proof of Lemma 1

Let us write ITf = II; f + IIs f, where II; and IIs are the orthogonal projectors in Ly(A) onto
the subspaces span{y; : I € N1(T)} and span{y; : | € No(T')}, respectively. We first assume
that the inequality ), Cl_l < oo is fulfilled.

On the one hand, using the Cauchy-Schwarz inequality,

15 = [ (5 0506 <25 01
= 22d<zleNg(T) b [f]2)2(ZlEN2(T) cl_1>2 = 22d<zleNg(T) 01_1)2'

On the other hand,

s -ini= [ (% (@—el[mmt))“dt

leN1(T)

/( Z > (wialt [f])wz(t)>4dt.

i=1leN1(T)

Using Fubini’s theorem and Rosenthal’s inequality, for some constant C > 0, we get

BTy — I, < / ZEf(
leN1(T)

{ ZEf( > (wi(ts) - 9l[f])¢l(’£)>2}2dt

i=1 leN1(T)

4
(ziu(t:) — 61Lf]) ¢ <>) dt

By Holder’s inequality, we get

Ef< Z (zigi(ts) — O f]) ()) < IN(T)? Z Ef(xiwl(ti)—Hl[f])4ﬂpl(t)4

IEN1(T) leN1(T)
<22UNUT)P Y Br(fta)ai(t) + k) — 6i[f])
leN1(T)

= O(NU(T)[Y),
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where we used the fact that E[¢*] < co and that E[f(t;)*] < 224(3,¢;1)? < oo under the
conditions of the lemma. Similar arguments lead to

/. {;Ef(l@;n (et ~ Al a(0)) ) do = OGN,

which implies that E¢|/II; f — anHZl = O(|N1(T)|*/n?). Combining the obtained evaluations,
we get

gy - iig, < MO0 o(s0 o)’

The required consistency follows from the assumption |N(T},)| = o(n!/?).

Let us consider the case ¥ C W (R). Without loss of generality, we will assume that ¥ =
WS (R) and ¢ = 2?21 (27l;)?° / R?. The computations remain the same as in the previous case
but the term ||TIof||] is bounded using Sobolev inequality (Kolyada, 1993). Indeed, choosing
o’ so that 0} = (1 — 7)o; and 7 < 1 — d/(45) (this implies that ¢’ > d/4), we get

e < Ol = | 3 Zzwz “alsp| < > ) AT

leN>(T leN> (T

C(d/T)TRQ(l—T)[ Z Clel[f]2:| SC(d/T)TRQ(l_T).
leN>(T)

This completes the proof, since the last term tends to zero as T — oo.

B.2. Proof of Lemma 2

Let us introduce IT; f = > ke[1,27]d AT kP T k- We first decompose the empirical coefficients as
follows:

1 " 1 n 1 n i
=~ ; Pk (ti)zi = ~ ;S@J,k:(ti)f(ti) + = ;apm(ti)gi = Gt e

Then, using standard arguments, we have

o=l <#(] 2 tenm-amwenfi+] 3 ewen o+ ur-m)

ke[1,27]4 ke[1,27]4
with HH f=1;f Hi = 0(27%/9). Furthermore, by well-known properties of wavelet bases
(Cohen, 2003) and the Rosenthal inequality,

EfH Z (aJk:_OéJk:)(PJk;H —O(QJd)ZEf(alk_o}J’k)‘l: <_>

ke[1,27]d k

and

Bl S cmea], =00 S i =00 S B(5 3 )

ke[1,27]d
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( 92Jd 23Jd

Finally we obtain, uniformly over f € X, Ef|[ILf — ﬁ}nH‘l =0(5+55 +27 4‘]‘7) and the

announced result follows.

Appendix C: Proof of Proposition 4

We are going to check that all the assumptions of Theorem 1 and Theorem 2 are satisfied.
We can use the Sobolev embedding theorem (Kolyada, 1993) for [C7]: if & > d/4, then [CT7]
is satisfied. For the pilot estimator proposed in subsection 3.2, [C6] holds as well. Since the
Fourier basis is uniformly bounded, checking [C3] is straightforward.

Let now T, , = (C;’I“;;)_Q(l + 2x~1), where 77 and C7 are defined in Proposition 4. We will
show that

o T, satisfies (15),
7y, defined by (16) satisfies r;, . ~ Cxry,
e conditions [C1], [C2], [C5], [C8] and [C9] are fulfilled.

To this end, we need an asymptotic analysis of the terms
A a
v S -3 0=l
0()quT+ 1()ZQlQlT+
lezd lezd

and Io(T) = Ii(T') — Io(T). For the first one, it holds that

d d 27Tl 204
o) = Y (Tl - 32 B2y
lezd j=1 i=1
For every i € {1,...,d}, we set
T 1 27Tll' lz
m; = Vi = and x; = = —

%, 20}(1 — 6) TV ml-'

Note that, as § < 1, we have 7; > 0. With this notation,

Io(T) = T1=5 ma Y (H 5[ — Z |71 \2‘”) M)

lezd j=1

As m; — oo for every i, we can replace the sums by integrals

TQ%(ISU 6)d<7 d d 2
Io(T) ~ == / (TT i = > il ) ax.
(2m)d S 2270 <[T0y |2y) j=1 i=1

Next, we make the change of variables y; = x?oj, 7 =1,...,d and set D = {y € Ri :
ZJ vy < TI 13/;11/01} We get

465+d
T 201-%)a

d 2 ;L1 -1
- Ny "4 dy.
e / (Hy ;:1 y]) yrt oyt dy

Lo(T) ~ —
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Now, we make another change of variables: z; = yl(H 1 yj" /o ) . Note that HZ 1 f{ il
(Hd y‘?‘i/ai)l_é. Therefore, using the notation ¥4 = {z € RL : [|z]; < 1},

i=1J4

466+4-d d

T2(-0)s o 45;d:2d5 1y %_1
IO(T)Ndi/ ( z> PO 2])2 2T A(z) da,
o1 ...04 paley

where A(z) is the Jacobian. Standard algebra yields A(z) = (Hc-l_ z-ai/ai)d/(l*é)/(l —0).

=11

465 +d
Next we give an explicit form for this integral In(T) ~ m~¢T20-97 [, where

a, 45+ 1 1

d

! L\ TGy L I

I:(H o) (1 5)/ <sz ) A a2 de
=11 - 1

Now, Liouville formula (see for instance Ingster and Stepanova (2011)) combined with the
well-known identity fol w1 (1 —u)?Ldu =T(a)T(B) /T (a + B) yields

B H?:l F(%‘i + 3_: 2;1?;:%)) 1— )2 2(2*20(1 O d
i=191 20 20/ 1-9%

(45+d)s 4

_ 21, T(ki) _ 21T, T(ks) _2r'C(d, 0, )
([T o)1 =)0k +3)  (ITy00)(1—8)(x +2)(x + 2) K+ 2
Therefore,
Io(T) ~ 20(d, 0, ) et
K+2
Very similar computations imply that, as T" — oo, we have
TQ%(lsi-g)d& ngl F("fi) 465+d

L(T) ~ =C(d,o,a)T20-9)7 .

™ (TIL, 03) (1 — )0 (k + 2)

Note now that (15) is equivalent to n?T?Iy(T) ~ 8T4(I(T) — IO(T))szJY/? Using the
asymptotic equivalents for Iy and I; we have derived above, one directly checks that the
value of T}, 5 proposed in Proposition 4 satisfies (15). Furthermore, since (16) is equivalent to
(rk 7) = I1(Ton)/Tund2(Thy), we get 17, = Cir7 (1 + 0(1)), as announced in proposition.

45(1-9)

It remains to check that for the sequence T}, , < n"%+d conditions [C1], [C2], [C5], [C8]
and [C9] are fulfilled. Using the same method as the one used above to evaluate Iy, we get

2(465+d)

IN(To )l =05 and  M(To,)= Y. @ =<n tori . (40)
LeEN (Tn,y)

The assumption & > d/4 implies [N (T, )|log |N(T,,)| = o(n) and, as a consequence, con-
ditions [C4] and [C8] are true. Furthermore, the second relation in (40) combined with
0 < 1 implies [C2]. Condition [C5] follows from the fact that all the nonzero entries of q are
lower-bounded by 1.

In order to check [C1] and [C9], we need to find an upper bound for max;ear(z, ) @i- In the
following calculations, the term C' is a constant which depends only on d, & and o and can
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vary from line to line. Let | € N(T), then ¢, < T¢q;, which implies, for every i = 1,...,d,
l?(ai_ai) <CT[]u lj-aj. In particular

2(o1— 20 2(o2— 20 2(o3— pLe%
e <orie, g <or[[ov, B <er[Ev. ()
J#1 J#2 J#3
Injecting the first inequality of (41) in the second one, we obtain

1

l;(@*fm) < CT(};[?)ZJQ‘QJ) (H l2aj> o1 1Oq < CT( H l2a]) 01— a1 <l2a2) Ula o1

Hence

127 < C<THJ>3 j“)m (42)
and by symmetry,

i <o(r]] ., 0") e (43)

Next, using (42), (43) and the third inequality in (41), we get

12‘73 < C(TH o ] >1 aj/o1— O52/02 03/03
JZ

Iterations of the previous process lead to the inequality max; lj-aj < crY

(1=9)  Therefore,

5(1-4)

. 45(
maxgenr(r) @@ = C H;l:l lj-aj <CT =3 Combining this bound with 7}, , < n %+¢ and (40)
yields the inequalities of [C1] and [C9].

Appendix D: Proof of Proposition 5

As in the previous subsection, we begin with the calculation of Iy. Setting x;; = 2rli and
To—1
using the same method to get an integral, we have
Iy — Tﬁ 2 aTo2 202
)= I3 = (870)? Il
lezd
TM )
o—1
2 T2 20
~— x||5 — X)“ —||x dx.
ot [ [l = (870 = el
dta
This implies the asymptotic relation Iy ~ CyT>-1 with the constant Cy = @n)d fRd [ (=

1 Z;lzl z;)? — Zf 1T ] dx. Similar computations yield I; ~ C’lT(d+4)/( D and I, ~
CoT@+4)/(0=1) where Cl and C5 have the values given in the paragraph preceding the propo-
sition.

The rest of the proof can be carried out exactly in the same way as the proof of the previous
proposition, based on the relation N(7T') =< 757 and M(T) =< T
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Appendix E: Proofs of results stated in Section 4
E.1. Proof of Theorem 3

The arguments are almost the same as in the proof of Theorem 1. We use the array w,, with
entries w; = qlyen )y /M(T )12 and the kernel G, (t1,t2) = 3o, wigi(t1)gi(t2) in order
to define the linear U-test statistic:

—-1/2
n
1<i<j<n

We write as U,, = Uy, 0 + Up1 + Up 2, where

o\ /2 o\ ~1/2
Un,o:(Q) S 66,Galti, t5) Un,lz(Q) S(EF () + & F(8)) Gt t)

1<J 1<J

and Upo = (5) 1/2 Zz<] f(t;) f(t;)Gn(t;, t;). The first and the second moments of this U-
statistic are described in the next result, in which we use the notation Tw/[f] = >, wi6;[f]¢i

Lemma 9. Let w,, = (wyn)icc be an array containing only a finite number of nonzero
entries and such that ) wzn = 1. Let L(w,,) be the support of w,,. The expectation of the
U-statistic U, is given by:

_ (n—1)\1/2
Ef[Un] = Ef[Un,Z] = hn[f7 Wn] = < > Zwlel
Purthermore, if [D2] holds true, then E[UZo] = 1, E[UZ,] < 2Dalwa % [wallolL £ and

2n
Var[Up 2] < Da||wnll2 [wallol 113 + 5 IIF- Tw[f][l3-

Proof. This result can be proved along the lines of the proof of Lemma 3. The only difference
is in the evaluation of the term A, o, for which we have

ta=trs(3) 5 wwelsel{ [ @%@ i)

LUEL(Wn)
n—2 2n
= /f Zwlel @it ) dt} < ?H]{.'Tw[f”’%'

This yields the desired result. O

Let us now study the type I and type II error probabilities of the test ¢, (1) = 14u, (1)|>u}-

Evaluation of type I error Using Tchebychev’s inequality, for every u > |E[U,(T)]|, we
have

sup Py (|Un(T)] > u) < sup Py (|Un(T) = B[U(D)]| > u — [E[U,(T)]|)
feFo feFo

Var(U,,(T))
= 2 W [EULD
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Let us denote v, 7 = nT~1(2M(T))~'/2. Using Lemma 9, we get

BN < —ee| 3 afif)| = Tona| 3 atflr]

IEN(T) leN(T)

Since, under Hy, we have Q[f] = >, ¢i0i[f]> = 0 and Y, ¢;0,[f]* < 1, the last sum can be
bounded as follows: | D IeN(T) ab?lf]| = | > llql<e/T ab?[f]] < T'Y, a0 [f]> < T~ Thus,

|E[Un(T)]| = |hn[Wn, f]| < vnr. Combining this bound with those of Lemma 9, we arrive at
3(1 4 2D1DyD% + D1 D2 D3 + 20Dy /(3M (T
sup Pr(¢pn(T)=1) < (1+ 201 DoD5 + DaDs 32+ nD4/BM(T))
feFo (u - Vn,T)
By + BmnM(T)™!
 2(u—vpr)?

Consequently, if we choose u > vy 7+ (B1 + BgnM(T)*1)1/2fy*1/2, then sup e 7, Pr(on(T) =
1)< 3.

Evaluation of type II error Using similar arguments, we get

sup Pf(¢n(T) = 0) = Ssup Pf(|Un(T)| < u)

feFi(p) feF1(p)
< sup Py(|E[UL(T)]] = |Un(T) = E[Un(T)]] < u)
feF1(p)
< sup Py (271/2TVN7T‘Q[.]C” —UpT — ‘Un(T) — E[Un(T)H < u)
feFi(p)

< P(27V2Tv,7p* — |Un(T) — E[UL(D)]| < u+vy7).
This can also be written as:
sup  Pp(¢n(T) = 0) < P<|Un(T) — E[UL(T)])| > 27 2Tp? = V)vpr — u>
feFi(p)
Using the Tchebychev inequality and the evaluations obtained in Lemma 9, we get
By + BonM(T)™ !
sup Py(pn(1) = 0) < DT D)
feFi(p) 2((2*1/2Tp2 — Dvpr — u)
Clearly, the right hand-side of this inequality is lower than /2 if

) T

M(T Tvn T

R

1
p2 > [u + = <31 +
gl
This completes the proof of Theorem 3.

E.2. Proof of Corollary 1

It is enough to remark that (since M(-) is increasing and T,, < T,))

VT _ ,/ @) _ 1 _1

1Y T T,

and L < 771, In view of these inequalities, the claim of the corollary immediately follows
from Theorem 3.
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E.3. Proof of Theorem

We start by proving that the minimax rate of separation is lower bounded by n~'/%4. Let
lo = argminic » {¢;} for a € {+, —}. We define two functions fy and f; as linear combinations
of the basis functions ¢;_ and ¢;, . More precisely, f; = 0; —¢o;_ +0; y ¢, for i = 0,1, with

02 |91, | 2 _ |
_ 2, =
a_la, | +eyla_| aq, +ola|

and, for some z > 0,
Or,— =00 07, =05, —z/Vn
One easily checks that fo € Fo and f1 € Fi(rp) with r2 = zq, /y/n. Furthermore, the
Kullback-Leibler divergence K (Py,, Py,) = [ log 35;0
1
Py, and Py, can be bounded as follows:

d Py, between the probability measures

dp
K(Pjy, P,) = E( Egy |log =2 (21, ... &, b1, b)
Py,

- E<Ef0 [Z(% = f1(t)* = (21 — fo(t:))”

i=1
= nE[(fO(h) - fl(t1))2] =n Zae{ﬁi}(ﬂo,a — 91@)2

=n(0o+ — |05+ — anV2Y2)? < 2226, )72

To conclude, it suffices to use inequality (2.74) from (Tsybakov, 2009), which implies that
Yo (Fo, Fi(rn)) > 0.25e~ 2000)™% = 5 for z = 20 4 [In(4y) " 1]/2.

It remains to prove the second assertion of the theorem. To ease notation, we write T}, instead
of T? and set

Qalf] = Zleﬁa a@b?[f] and Fo ={f: Qulf] =0}, for a€{+,-}.

Let us assume that M (T,) > M_(T,). We use the fact that testing Q[f] = 0 against
|Q[f]] > r2, with f € ¥ is harder than testing Q. [f] = 0 against Q4 [f] > r2, with f € F_.
The rest of the proof follows the same steps as those of the proof of Theorem 2. As indicated
in Remark 4, we use as 7, the simplified prior for which 6;’s are independent Gaussian random
variables with zero mean and variance a; = quii(Tn)l{lE LLUN(T,)}- It Is an easy exercice to
show that conditions [L1]-[L5] of Proposition 6 are fulfilled with 6 = 1/2. This completes the
proof of the theorem.
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