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Abstract
The durability of concrete materials with regard to early-age volume changes and cracking phenomena depends on the evolution of
the poroelastic properties of cement paste. The ability of engineers to control the uncertainty of the percolation threshold and the
evolution of the elastic modulus, the Biot-Willis parameter and the skeleton Biot modulus is key for minimizing the vulnerability
of concrete structures at early-age. This work presents original results on the uncertainty propagation and the sensitivity analysis
of a multiscale poromechanics-hydration model for cement pastes of water-to-cement ratio between 0.35 and 0.70. Notably, the
proposed approach provides poroelastic properties required to model the behavior of partially saturated aging cement pastes (e.g.
autogenous shrinkage) and it predicts the percolation threshold and undrained elastic modulus in good agreement with experimental
data. The development of a stochastic metamodel using polynomial chaos expansions allows to propagate the uncertainties of
kinetic parameters of hydration, cement phase composition, elastic moduli and morphological parameters of the microstructure.
The presented results show that the propagation does not magnify the uncertainty of the single poroelastic properties although, their
correlation may amplify the variability of the estimates obtained from poroelastic state equations. In order to reduce the uncertainty
of the percolation threshold and that of the poroelastic properties at early-age, engineers need to assess more accurately the apparent
activation energy of calcium aluminate and, later on, of the elastic modulus of low density calcium-sillicate-hydrate.
Keywords: Microporomechanics, Global sensitivity analysis, Sobol’ variance decomposition, Elastic modulus, Biot-Willis
parameter, Percolation threshold, Cement paste

1. Introduction
In poroelastic media such as concrete materials [1], the development of internal stresses due to drying and autogenous
shrinkage and the risk of cracking significantly depend on the
evolution of the poroelastic properties [2–4]. The ability of engineers to predict and control the variability of the percolation
threshold, the elastic modulus, the Biot-Willis parameter and
the skeleton Biot modulus is of prime importance to minimize
the risk of cracking of concrete structures at early-age.
Recently, continuum micromechanics models have been used
in many successful assessments of the effective mechanical
properties of hardened cement-based materials [5–8]. The extension of these models to take into account the poroelastic behavior of concrete materials [1, 9, 10] introduced several model
applications [11–14]. At early-age, the microstructure evolves
due to the hydration of anhydrous cement particles and additional chemical reactions. Bernard et al. [6] were the first to
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model the evolution of the elastic modulus and Poisson’s ratio
of hydrating concrete materials by means of micromechanics.
They proposed a hydration model and described the aging process by an evolution of the relative volumetric proportions of
elementary phases with invariant mechanical properties. While
providing good results for mid- to late-stages of hydration, this
model lacked of precision at very early-age. Later on, Sanahuja
et al. [15, 16] studied the impact of the shape of solid hydrates
on the prediction of the solid percolation threshold and the elastic modulus of aging cement pastes. However, portlandite and
ettringite were not considered among the hydration products responsible for setting in the model.
The input parameters of these deterministic models can be
classified into four categories: the initial phase quantification,
the kinetic parameters of hydration, the invariant elastic properties and the microstructural/morphological parameters. This
information is uncertain and, as a consequence, the model responses can be considered as random variables. Berveiller et
al. [17] first propagated uncertainty through a multistep micromechanics model of concrete. They predicted the variability of the elastic modulus and Poisson’s ratio of cement paste
by polynomial chaos expansions. The resulting variances were
decomposed into Sobol’ indices recovered by post-processing
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the polynomial expansions for much less calculation than what
is required by Monte-Carlo simulation. Later on, Sudret et al.
[18] used polynomial chaos expansions as stochastic metamodels in order to assess the full randomness of elastic properties
at different scales of hardened concrete and perform sensitivity
analyses from scale to scale. However, a sensitivity analysis of
the poroelastic properties of cement paste over time has not yet
been accomplished.
The purpose of this work is threefold: first, to provide a deterministic multiscale poromechanics-hydration model to predict the evolution of the Biot-Willis parameter, the skeleton Biot
modulus, the Poisson’s ratio, the elastic modulus and the percolation threshold; second, to improve the agreement between
the prediction of the elastic modulus and experimental data by
considering the effect of the shape of ettringite and portlandite
particles on setting; third, to assess the uncertainty of these predictions at different stages of hydration and identify their greatest contributors among the input parameters. The originality of
this work relies on the application of a non-intrusive method
of uncertainty propagation to a microporomechanics-hydration
model for cement pastes in order to assess the contribution of
the material parameters to the variability of the macroscopic
poroelastic properties over time. For the first time, this work
presents the second central moment of the Biot-Willis parameter and the Biot skeleton modulus as functions of time.
The uncertainty propagation is performed by polynomial
chaos expansion of the random model responses [19]. This approach has the advantage to give access to sensitivity information and to allow the computation of large samples of predictions for much less calculation than required by Monte-Carlo.
The paper is organized as follows: firstly, the materials studied in this work are presented; secondly, the deterministic multiscale poromechanics-hydration model is introduced; thirdly,
the polynomial chaos expansion and the post-processing are
explained; fourthly, the uncertainties of the input parameters
are described; fifthly, the model is validated, the uncertainty is
propagated, a sensitivity analysis is performed, the correlation
between the poroelastic properties is investigated and the PDF
of the elastic modulus is estimated at different timesteps.

Table 1: Major oxides composition of cement PCCB9402 [20]

Oxyde
CaO
SiO2
Fe2 O3
Al2 O3
SO3

Mass fraction [%]
66.23
21.68
0.29
4.17
3.54

istry those are refered to as C3 S, C2 S, C3 A and C4 AF where
C = CaO, A = Al2 O3 , F = Fe2 O3 , S̄ = SO3 and H = H2 O so
that C3 S = 3CaO · SiO2 and so on. An amount of gypsum
(CS̄H2 ) about 5% of the total mass of the system is usually
added to these phases by cement producers.
Several methods can be used to determine the phase composition using the stoichiometry of those compounds and the respective amounts of the former oxides. The approach adopted
in this study is a widely used method developped by Bogue
[22]. It consists in a linear system of equations based on a quantitative oxide composition (see Table 1) under certain assumptions:
• the main phases of the cement are C3 S, C2 S, C3 A and
C4 AF, to which are added some gypsum and free lime;
• all the Fe2 O3 present in the system occurs as C4 AF;
• the remaining amount of Al2 O3 occurs as C3 A;
• the CaO occurs either as C3 S, C2 S, free lime or gypsum.
The mathematical formulation of the Bogue calculation is
well documented and can be found in the book of Taylor [23].
We assume an amount of free lime equal to 1g/100g of cement.
The amount of calcium oxide that occurs as gypsum is fixed to
70% the mass of SO3 .

3. Multiscale poromechanics-hydration model

2. Material

The multiscale poromechanics-hydration model is applied in
a two-step manner: a hydration model and a multiscale poromechanics model. The hydration model allows to define the evolution of the volumetric fractions of the invariant material phases
contained in the aging cement paste. The multiscale poromechanics model is used to upscale the poroelastic properties
based on a microstructure scheme.

This work focuses on three cement pastes with different
water-to-cement ratio (w/c) of 0.40, 0.50 and 0.60. The cement
composition is an important factor that influences the chemistry
of hydration and the properties of cement paste. The cement
composition of this study is taken from the experimental study
of Boumiz et al. [20, 21] on the elastic properties at early-age
of cement-based materials. Two approaches can be used to describe the cement composition: the oxide composition and the
chemical phase composition. The major oxides composition of
this cement is presented in Table 1.
To model hydration, one needs to assess the phase composition. Cements are made of four major grinded clinker
phases that react differently with water: tricalcium silicate,
dicalcium silicate, tricalcium aluminate (aluminate) and tetracalcium aluminoferrite (ferrite). According to cement chem-

3.1. Hydration model
The hydration model adopted in this work was proposed by
Bernard et al. [6] and improved by Pichler et al. [11]. It consists
in stoichiometric and kinetic equations used to assess the evolution of volume fractions of hydration products and reactants
through time.
2

3.1.1. Stoichiometry
Independently from the rate of reaction, the amounts of reactants and products involved in cement hydration can be assessed
by stoichiometric relations. Those reactions occur between the
anhydrous compounds named above (C3 S, C2 S, C3 A, C4 AF,
and CS̄H2 ) and water to form hydration products. Some of the
hydration products also react further on. Tennis and Jennings
[24] proposed stoichiometric relations to describe this process:

a characteristic time τX,0 equal to tX,0 /ξX,0 . The end of dissolution
is marked by a threshold degree of hydration ξX,0 for each of the
main clinker phases.
Growth and nucleation follow the dissolution. This process
is well described by the phase evolution model of Avrami [25].
The corresponding normalized affinity is:

2C3 S + 10.6H → C3.4 S2 H8 + 2.6CH

(1)

2C2 S + 8.6H → C3.4 S2 H8 + 0.6CH

(2)

C3 A + 3CS̄H2 + 26H → C6 AS̄3 H32

(3)

2C3 A + C6 AS̄3 H32 + 4H → 3C4 AS̄H12

(4)

Where the operator h·i is such that hxi = 1/2 (x + |x|) ∀x ∈ R.
The characteristic time τX,0 related to this kinetic law is equal to
1/(κX kX ) where κX is the reaction order and kX , a constant rate.
Diffusion occurs as a late hydration process beyond a threshold degree ξX∗ defined for every main clinker phase. The normalized affinity associated with this process is:

C4 AF + 2CH + 10H → 2C3 (A, F)H6

(5)

ÃA (ξX ) = 

(1 − ξX ) 3
1

1

(1 − ξX∗ ) 3 − (1 − ξX ) 3

(9)

Thanks to the work of Fujii and Kondo [26], the characteristic time τX,0 of this kinetic mechanism can be expressed by
R2 /(3DX ) where R is the initial mean radius of the anhydrous
cement particles and DX , the coefficient of diffusion of dissolved
ions through existing layers of hydration products towards the
remaining anhydrous phase X.
Because the hydration of aluminate follows two stoichiometric reactions, an order of priority needs to be specified between
Eq. (3) and Eq. (4). Aluminate reacts primarily with gypsum to
form ettringite as described by Eq. (3). Once all the gypsum is
consumed, it can react with ettringite to form monosulfoaluminate with respect to Eq. (4).
It is assumed that the diffusion process leads to the precipitation of calcium-silicate-hydrates (C-S-H) that are denser than
those associated with dissolution and nucleation [6]. Hence, a
distinction is made between the C-S-H precipitated either during the first hydration processes or by diffusion. With respect to
the nomenclature inroducedby Jennings [27], the first ones are
refered toas low density (LD) C-S-H and the last ones as high
density (HD) C-S-H.

3.1.2. Kinetic
The mass exchanges described by stoichiometry occur at different rates depending on the clinker phase involved in the reaction. The advancement of the hydration process of a sole clinker
phase is expressed by means of a hydration degree:
mX (t)
mX,0

(8)

2

ÃD (ξX ) =

Eq. (1) and Eq. (2) describe the formation of calcium-silicatehydrates (C3.4 S2 H8 ) and portlandite (CH). Eq. (3) allows to
quantify the amount of ettringite (C6 S̄3 H32 ), also noted AFt,
formed by hydration of gypsum and aluminate. Ettringite can
react further with aluminate to form some monosulfoaluminate
(C4 AS̄H12 ) also noted AFm. The hydration of ferrite leads to
the precipitation of hydrogarnet (C3 (A, F)H6 ).

ξX (t) ≡ 1 −

1 − hξX − ξX,0 i

− ln 1 − hξX − ξX,0 i (1/κ)−1

(6)

Where the hydration degree ξX refers to the relative amount
of reactant consumed mX compared to the initial amount mX,0
present in the system. The overall hydration degree ξ is obtained by summing the hydration degrees of all the anhydrous
phases weighted by their respective initial weight fraction. The
kinetics of hydration of the four major clinker phases is described by relationships that link the reaction rate dξX /dt to the
affinity A(ξX ) referred to as the driving force of the hydration
reaction. In a first order approach, we disregard the chemomechanical couplings which are of secondary importance for normal conditions of temperature and pressure. The normalized
affinity is expressed as follows:
!#
"
Ea,X 1
1 dξX
−
(7)
Ã(ξX ) = τX,0 exp
R T0 T
dt

3.1.3. Volume fractions
The volumes VX of the main clinker phases can be computed as functions of time equal to mX,0 ξX (t)/ρX where the molar
masses MX and densities ρX are given by Tennis and Jennings
[24]. The hydration degrees ξX (t) are obtained from the solution
to Eq. (7) with respect to the appropriate expression of the normalized affinity of each kinetic process. It is assumed that the
sample is hydrated with an infinite supply of water so that the
volumes of hydration products can be computed as functions
of time governed by the remaining amounts of major clinker
phases:

Where Ea,X is the apparent activation energy for the hydration
of a phase X among the major clinker compounds and R is the
universal gas constant. The characteristic time τX,0 is defined at
a reference temperature T 0 and depends on the hydration process. Three main reaction processes can be considered to describe the hydration of a cement mixture: dissolution, growth
and nucleation and diffusion. Dissolution is the first reaction to
occur. It can be described with a normal affinity Ã(ξX ) of 1 and

VP (t) =

M P ρX
mX,0 nP/X ξX (t)
M X ρP

(10)

where the index P refers to the hydration product and nP/X
is the number of moles of product generated by hydration of
one mole of anhydrous cement phase X. The stoichiometric
3

ratios nP/X are straightforwardly obtained from Eqs. (1)-(5). The
volume fractions of reactants fX (t) and hydration products fP (t)
are obtained by normalization of the respective volumes VX and
VP with the total volume at time t.

the scale of preferential invariant densities of hydrates (level0).
The qualitative phase composition of each scale and the corresponding essential morphological information are communicated below.

3.2. Multiscale poromechanics model
The multiscale poromechanics model provides the BiotWillis parameter, the skeleton Biot modulus, the Poisson’s ratio, the elastic modulus and the percolation threshold of cement
paste as functions of volume fractions which are obtained from
the hydration model.
The approach adopted is inspired from underlying works in
microporomechanics [1, 9, 10] and model applications to earlyage cement-based materials [6, 15, 16]. However, the proposed
model assumes different hypotheses with respect to the work of
Sanahuja et al. [15], such as: (i) a spherical elementary C-S-H
particle at the nanometer scale. As demonstrated by Sanahuja et
al [28], the shape of particles of polycrystals with packing density greater than 60% (as LD and HD C-S-H) is a second order
parameter; (ii) a larger number of anhydrous phases and hydration products; (iii) spherical particles of HD C-S-H embedded
into a matrix of LD C-S-H. Although the observed morphology of C-S-H at the scale of several hundreds of nanometers
is often refered to as fibrillar, it varies over time [29] and depends on drying conditions that provoke the rearangement of
the elementary C-S-H particles [30]. As it is difficult to define
a precise morphology that will correspond to the shape of LD
and HD C-S-H in any conditions, the same representation that
Bernard et al. [6] is adopted (see Fig. 1); (iv) non-spherical
inclusions of portlandite and ettringite. Crystals of portlandite
and ettringite exhibit strongly aspherical shapes and contribute
to the setting of cement paste [23]; (v) a fixed porosity of LD
C-S-H.
The model is developed as follows: firstly, the microstructure
of cement paste is represented in terms of elementary phases of
invariant mechanical properties. A representative elementary
volume (REV) [31] that contains qualitative and morphological information is drawn for every characteristic length scale
of the material. These elements are significantly smaller than
the size of the structure and larger than the inhomogeneities
they contain; secondly, the microscopic mechanical responses
of the cement paste subjected to prescribed macroscopic boundary conditions are expressed by means of localization tensors;
thirdly, the general macroscopic response of the system is expressed in terms of state equations obtained by homogenization
of the local reactions. The investigated poroelastic properties
are recovered from these resulting equations.

Figure 1:

Level II is representative of heterogeneities of characteristic
lengths smaller than 10−4 m. The phases at this scale are the
anhydrous cement particles, hydration products and pores. The
anhydrous phases (C3 S, C2 S, C3 A, C4 AF, and CS̄H2 ) are not
very sharp [23] and are usually considered as spherical inclusions [6, 15]. The main non-porous elementary hydration products are portlandite, AFt, AFm and hydrogarnet. The shape of
AFm and hydrogarnet is not well defined and could even change
during hydration [23]. Due to lack of information and their
small volume fractions, they are here simply represented by
spherical inclusions [11, 33]. Portlandite can be present in great
amounts in form of platy crystals which are here represented by
oblate ellipsoids [33]. AFt crystals exhibit very sharp rod-like
shapes and can be modeled by prolate ellipsoids [33]. The pores
are part of the capillary porosity and remain filled of water,
they are considered as spherical inclusions. Calcium-silicatehydrates are present as a sole homogeneous aging phase. At
this scale, C-S-H particles can either be considered as needles
[34, 35] or as spherical inclusions [6, 7]. This is a long-standing
and still open scientific debate. Here, the C-S-H particles are
considered spherical.
When hydration starts, the mixture contains a greater amount
of liquid than solids and the paste behaves like a viscous fluid.
As long as enough hydration product is precipitated to ensure
a contact between solid particles, the paste sets and exhibits an

3.2.1. Microstructure representation
Converging efforts of experimental characterization of mechanical properties at nanoscale [5, 7] and modeling of calciumsilicate-hydrates [27, 32] have led to a multiscale representation
of heterogeneity in cement-based materials. A microstructure
of cement paste can be described over three length scales [1].
As presented in Fig. 1, those are, from the coarsest to the finest:
the cement paste itself (level II), the aging C-S-H (level I) and
4

where φY refers to the porosities of LD and HD C-S-H, 1 is
the second order identity tensor, and I is the fourth order idengℓ
tity tensor. The localization tensor A(z0 ) would concentrate
the totality of the strain εY on the globules of the corresponding
phase Y if the pore pressure was equal to zero.
The second poromechanical state equation expresses the Lagrangian porosity change as follows:

increasing stiffness as a function of time. As stated by Bernard
et al. [6], this is the scale of solid percolation [36] for which
Sanahuja et al. [15] have demonstrated the strong influence of
the shape of inclusions on the estimated threshold.
Level I is representative of heterogeneities of characteristic
length smaller than 10−6 m. This is the smallest scale that can
be characterized by current nanoindentation techniques due to
roughness limitations [37]. According to the colloidal model of
calcium-silicate-hydrates proposed by Jennings [27, 32], these
phases are the hydration products that constitute the actual aging C-S-H: low density and high density C-S-H, also refered to
as LD and HD C-S-H or outer and inner products [38]. The invariance of the properties of these phases was the major finding
of Constantinides [10] confirmed by Vandamme [39]. Earlyhydration is characterized by nucleation and growth of LD CS-H. HD C-S-H precipitates later, within smaller regions confined by low density product. Hence, the high density calciumsilicate-hydrates are represented by spherical inclusions embedded into a matrix of low density hydration product.
Level 0 is representative of heterogeneities of characteristic
length about 10−9 m. Two REV’s are drawn in order to describe
both types of calcium-silicate-hydrates. According to the colloidal model of Jennings [27, 32], LD and HD C-S-H are consituted of the same spherical C-S-H solid particles. These particles, refered to as globules (with the superscript gℓ ), are packed
at different densities with respect to each of the C-S-H phases.
The corresponding gel porosities φLD and φHD were estimated to
37.3% and 23.7% and remain filled by water [1, 27].
Three position vectors zk with k = 0, 1, 2 are defined over the
REV’s drawn at levels 0, I and II. An uniform strain boundary
condition is applied on the REV at level II so that the displacement ξ is equal to E · z2 where E is the macroscopic uniform
2
strain tensor. The REV’s defined at smaller scales are subjected
to the same kind of boundary conditions induced by local mechanical responses developed at relative upper scales. A pressure p is applied in both interconnecting porosities defined at
scale 0 and II.

(φ − φ0 )Y = BY : εY +

where NY ’s are skeleton Biot moduli:


gℓ
1
= 1 : (1 − φY ) Sgℓ : 1 − 1 : A(z0 )
NY

Y=LD,HD

(14)

Y=LD,HD

Y

where the strains ε′ developed under the first loading case
Y
are of the form A(z1 ) : εCSH . The relations between stress and
strain developed under the second loading case are determined
with respect to Eq. (11) and the above equation is recast as:
p

X

Y=LD,HD

X




Y
Y
Y
fY BY : A(z1 ) − I =
fY CY : ε′′ : A(z1 ) − I
Y=LD,HD

(16)
A second use of Levin’s theorem leads to the following equation:
X
Y
Y
(17)
fY CY : A(z1 ) : εCSH : ε′′ = 0
Y=LD,HD

Y

An expression for ε′′ is obtained from Eqs. (16) and (17)
and the total strains εY are recovered by summing the strains
developed under the first and second loading cases:


Y
Y
εY = A(z1 ) : εCSH + SY : BY : A(z1 ) − I p
(18)

(11)

where Y stands either for LD or HD C-S-H. The overbar operator is defined so that ai refers to the volume average of a over
the phase i. The stiffness tensors CY are known. The contribution of the pore pressure on the stress states of these REV’s is
quantified by the Biot tensors BY which can be readily calculated by stress average as:


gℓ
BY = 1 : I − (1 − φY )A(z0 )

(13)

The index Y stands for LD and HD C-S-H and the compliance tensor of the globules Sgℓ is known.
The strains εY developed at scale 0 are due to the combined
effect of the pore pressure p and the mean strain εCSH applied
over the aging C-S-H at scale I. Thanks to linear elasticity,
this problem can be decomposed into superimposable loading
Y
cases: first, the strain εCSH is applied and the mean stresses σ′
Y
and mean strains ε′ occur at level 0. Second, the pore presY
sure p is applied and the mean stresses σ′′ and mean strains
Y
ε′′ are developed. The application of Levin’s theorem [40–42]
provides the following relation:


X

 X
Y
Y
Y

′′
′
′′
fY σ : ε = 
(15)
fY σ  : εCSH

3.2.2. Localization
At level I, the poroelastic behavior of the LD and HD C-SH phases is described by means of classical state equations of
microporomechanics [1, 10, 40]. The mean stresses σY induced
by the prescribed strains εY and the pore pressure p are related
as follows:
σY = CY : εY − BY p

1
p
NY

where the compliance tensors SY are the inverses of the stiffness tensors CY .
At level II, the strain acting over the aging C-S-H is due to
the pore pressure p and the macroscopic strain E applied over
the cement paste. Similarly, the situation is decomposed into
superimposable loading cases: first, the strain E is applied and a
CSH
CSH
mean stress σ′ and mean strain ε′ occur at level I; second,
CSH
the pore pressure p is applied and the mean stress σ′′ and

(12)
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i

CSH

mean strain ε′′ are developed. A first application of Levin’s
theorem gives the following relation:

concentration tensor A(zk ) is obtained from the following space
average over Euler angles [16]:



X


p
s
−ϕ2 p1+ fCSH σ′′ CSH +
′′
f s σ  : E = −ϕ2 p1 : A(z2 ) : E


i

A(zk ) =

Z

2π

φ=0

s∈As

Z

π

θ=0



I + Pi (θ, φ) : (C0 − Ci )

−1 sin θ
dθdφ (27)
4π

=0

The Hill polarization tensor Pi (θ, φ) depends on the shape of
the inclusions of Ωi , their orientation and the stiffness tensor C0
of the reference medium. Every polarization tensor is related to
an Eshelby tensor Sesh
by the relation Sesh
= Pi : C0 . The form
i
i
of the Eshelby tensor is widely documented in textbooks on
micromechanics [44]. The only missing parameter is the aspect
ratio defined as the ratio of the length of the symmetry axis and
the diameter in the symmetry plane. For oblates, spheres and
prolates it is respectively smaller than 1, equal to 1 and greater
than 1. The double integration of Eq. (27) is performed with
respect to the approximation of Stroud [35, 45].
A reference phase Ω0 is defined as a function of both the
morphology the homogenization scheme adopted for each REV.
Two homogenization schemes are considered: the self consistent scheme and the Mori-Tanaka scheme [46]. The MoriTanaka scheme is typical for media with a strong matrixinclusion morphology and considers the embedding phase as
the reference medium. The self consistent scheme is typical
for polydisperse granular media and considers the resulting homogenized medium as a reference and involves an implicit formulation of the auxiliary problem. According to Bernard et
al. [6], the self consistent scheme is appropriate to model the
solid percolation of the REV drawn at level II. This scheme is
also appropriate to model the nanogranular nature of the colloidal representation of LD and HD C-S-H at scale 0 [47]. The
Mori-Tanaka scheme is adopted to take into account the strong
matrix-inclusion morphology of the aging C-S-H. The LD C-SH is then refered to as the reference medium of scale I.

(23)
The total strain developed over the aging C-S-H can then be
recovered from Eqs. (19), (22) and (23).

3.2.3. Homogenization
The macroscopic resulting stress tensor Σ can be obtained by
volumetric average of the localized resulting stresses:

i
h
CSH
CSH
+ fCSH CCSH : ε′′ − BCSH p : A(z2 ) : E
X
s
s
f s C s : ε′′ : A(z2 ) : E
+
s∈As

(19)
where A s is the set of non-porous solid phases of the REV at
level II, ϕ2 is the porosity at the same scale and the Biot tensor
BCSH is defined to simplify the formulation [10]:
LD

∗
∗
A(z1 ) : BLD + fHD
A(z1 )
BCSH = fLD
∗

HD

: BHD

(20)

∗

where fLD = fLD /( fLD + fHD ) and fHD = fHD /( fLD + fHD ) so that
∗
∗
fLD
+ fHD
= 1.
The stiffness tensor CCSH of the aging C-S-H is:
LD

∗
∗
CCSH = fLD
CLD : A(z1 ) + fHD
CHD : A(z1 )

HD

(21)

Because the volume average of the localization tensors over a
REV is equal to the fourth order unity tensor, the concentration
tensor of the porosity of level II can be recast in:


X

p
CSH
s
1 
I − fCSH A(z2 ) −
(22)
f s A(z2 ) 
A(z2 ) =
ϕ2
s∈A
s

A second application of Levin’s theorem leads to the following equation:
X

s

s

f s C s : A(z2 ) : E : ε′′ + fCSH CCSH : A(z2 )

CSH

: E : ε′′

CSH

s∈As

ε

CSH

= A(z2 )

CSH



CSH

: E + SCSH : (1 − BCSH ) : A(z2 )

Σ=


− I p (24)

X

s∈As

The mean strain applied over every non-porous phase of scale
II reduces to:


s
s
ε s = A(z2 ) : E + S s : 1 : A(z2 ) − I p
(25)

f s C s : ε s + fCSH CCSH : εCSH − ( fCSH BCSH + ϕ2 1) p (28)

The state equation (28) can be recast in:
Σ = C : E − Bp

where C is the homogenized stiffness tensor:
X
s
CSH
f s C s : A(z2 ) + fCSH CCSH : A(z2 )
C=

The mean strain applied over the capillary porosity is then
equal to:


X

1 
p
CSH
s
f s ε 
ε = −  fCSH ε +
(26)
ϕ2
s∈A

(29)

(30)

s∈As

The effective Biot tensor of the cement paste, B, is expressed
by:

s

The localizer tensor for an ellipsoidal inclusion in a medium
subjected to uniform boundary conitions assessed from the solution of Eshelby [43]. The assumption is made that, for each
phase i of the level k, the inclusions are randomly oriented in
the REV with respect to a uniform distribution. Then, the strain



X


s
CSH 

B =1 : I −
f s A(z2 ) − fCSH A(z2 ) 
s∈As

CSH

+ fCSH A(z2 )

6

: BCSH

(31)

The total Lagrangian change in porosity is formulated as follows:

 ∗
∗
(φ − φ0 )HD
(φ − φ0 )LD + fHD
φ − φ0 = ϕ2 trε p + fCSH fLD

reformulated in b1 where b is refered to as the Biot-Willis parameter. The bulk and shear moduli, respectively k and g, can
be related to the elastic modulus E and the Poisson’s ratio ν
with the following equations:

(32)
E=

where the first term represents the change in the capillary
porosity (level II) and the second one represents the total change
in the gel porosity (level 0). This state equation can be recast
in:
1
p
(33)
N
where N is the skeleton Biot modulus. It exhibits two components, for the two scales where the pore pressure p is applied:

t0 = arg max
t ∈ R+

After having presented the poromechanics-hydration model,
the randomness of the input parameters is assumed and the uncertainty of the poroelastic properties is apprehended by a spectral non-intrusive approach [19, 48]. The model responses are
represented by polynomial chaos expansions and the resulting
metamodel is post-processed in order to extract statistical moments, perform a global sensitivity analysis and estimate PDF’s
for model outputs [49].

(35)

4.1. Polynomial chaos representation
The deterministic multiscale poromechanics-hydration
model is noted M. It has M random input parameters
{Xi , i = 1, ..., M} gathered in a vector X with prescribed probability density function (PDF) fX (x) and predicts poroelastic
properties at different time steps. All these predictions are
represented by random variables gathered in {Y j , j = 1, ..., N}.
This relation is expressed as follows:

(36)

s∈As

Y ≡M X

In the absence of fluid mass exchange, the undrained stiffness
tensor can be evaluated by [40]:
u

C = C + MB ⊗ B



(41)

where X and Y are the random vectors of input parameters
and model predictions. Their realizations are noted x and y.

(37)

where the Biot modulus, M, is a function of the skeleton Biot
modulus N and the total porosity ϕ0 :
1
ϕ0
1
= +
M N k f ℓ.

(40)

4. Polynomial chaos expansion and post-processing

(34)

Likewise, the contribution of the pressure applied in the capillary pores on the total change in porosity can be quantified
with N2 :
i
h

CSH
1
= fCSH (BCSH − 1) : SCSH : 1 : A(z2 ) − I
N2




 X
s 
+ 1 : 
f s (BCSH − 1) : S s : 1 : I − A(z2 ) 

dg
(t)
dt

where g is the shear modulus of the cement paste.

The contribution of the pressure applied in the gel porosity
on the total change in porosity can be quantified with N0 :


CSH
1
= fCSH (1 − BCSH ) : SCSH : BCSH : A(z2 ) − I
N0
∗ !
∗
fHD
fLD
+
+ fCSH
NLD NHD

(39)

The solid percolation threshold t0 of the cement paste is investigated by means of the following equation:

φ − φ0 = B : E +

1
1
1
+
=
N
N0 N2

3k − 2g
9kg
; ν=
3k + g
6k + 2g

4.1.1. Construction of the basis
It is assumed that M is square integrable with respect to
the probability measure P(dx) = fX (x)dx, meaning that every
model response has a finite variance. Thereby, each output variable can be represented by a polynomial chaos expansion of the
following form [19]:

(38)

By considering the pore solution as water, the fluid bulk modulus k f ℓ can be estimated at 2.3 GPa. The total porosity of the
cement paste ϕ0 contains capillary pores and gel pores so that
ϕ0 = ϕ2 + fLD φLD + fHD φHD = fH + fLD φLD + fHD φHD because the
capillary pores remain saturated.
It is assumed that all the invariant elementary phases considered in this model and the resulting homogenized cement paste
are isotropic. Then, the stiffness tensor C can be recast in the
form 3kJ + 2gK where the fourth order tensors J and K stand
for the spherical and deviatoric projections and are respectively
equal to 1/31 ⊗ 1 and I − J. Likewise, the Biot tensor B is

 X ( j)

a α φα X
Y j = M( j) X ≡

(42)

α∈N M

where α denotes all the possible multi-indices (α1 , ..., α M )
with αi ∈ N, a(αj) refers to unknown deterministic coefficients
and φα (x) to multivariate basis functions orthonormal with respect to the joint probability density function fX (x) of the input
parameters. The orthonormality is verified by the following inner product of the Hilbert space H = L2 (R M , R, P(dx)):
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D

φα (x), φβ (x)

E

H

≡

Z

φα (x)φβ (x) fX (x)dx = δαβ

P/N−1
X
 X ( j)


a(kj) φk X
a α φα X =
Y j = M( j) X ≈

(43)

RM

|α|≤p

where δαβ = 1 if α = β and 0 otherwise.
In the case of independent input parameters, the multivariate basis functions of Eq. (42) are expressed in terms of tensor
products of univariate functions [49]:
φα (x) ≡

M
Y

πα(i)i (xi )

The multi-indices α of the last right-hand side are changed
into k indices in order to improve the understanding and simplify the forthcoming formulations. However, the amount of information contained by the multi-indices α is greater than what
the integer indices k provide. Hence, a track is kept between the
multi-indices α and the coefficients a(kj) . Each coefficient a(kj) is
part of the following set:

(44)

i=1

Eq. (43) is verified by defining every univariate Hilbertian
basis π(i)
αi (xi ) as the normalized function of a classical orthogonal polynomial. The choice of the suitable family of polynomials is dictated by the PDF of the input parameter Xi . In the
sequel the input parameters of the multiscale poromechanicshydration model are described either by lognormal (ln N) or
uniform (U) distributions. In the former case, lognormal variables anre transformed into Gaussian variables using the classical exponentiation and the associated Hermite polynomials
(that are othogonal with respect to the Gaussian measure) are
used. In the latter case, so-called Legendre polynomials are
used.

π(i)
αi (xi )

=

(

(2αi + 1)−1/2 Leαi (xi )
(αi !)−1/2 Heαi (xi )

if Xi ∼ U
if ln Xi ∼ N

n ( j)
o
Aa = ak , k = 0, ..., P/N − 1, j = 1, ..., N

2

ns 
N X
X
X
 
 ( j)  (n)  P/N−1
( j)
(n)
M x −
ak φk x  (50)
Aa = arg min
( j)
ak ∈ R

αi

(45)

4.2. Post-processing
Once the finite set of coefficients of Eq. (49) is correctly estimated, the truncated serie expansion of Eq. (48) can be used as
a surrogate of the multiscale poromechanics-hydration model
in order to provide random predictions. Moreover, some quantitative information can be obtained by post-processing these
coefficients without any need to simulate additional model responses. Indeed, the first statistical moments and Sobol’ indices
of the random outputs are straightforwardly computed that way.
Eq. (48) can also be used together with Monte Carlo simulation
in order to assess the PDF of the poroelastic properties by kernel smoothing techniques [51].
4.2.1. First statistical moments
The mean average value of every model prediction M( j) (X)
( j)
is the coefficient aα of order zero [49]:

(46)

i=1

The size P of the corresponding finite set of coefficients
{a(αj) , q = |α| ≤ p, j = 1, ..., N} is:
P=N

!
(M + p)!
M+p
=N
M!p!
p

k=0

j=1 n=1

where x(n) is a realization of the random input vector of parameters X among the experimental design X = {x(n) , n =
1, ..., n s}. The size of X needs to be at least as big as P/N so
that a solution exists for Eq. (50). It is usually recommended to
take ∼ 2−3P/N [48, 50]. The experimental design can be generated by Monte-Carlo simulation or Latin-Hypercube-Sampling
(LHS).

4.1.2. Practical implementation
For the sake of practical implementation, the infinite polynomial expansion of Eq. (42) is truncated and the model responses
are approximated. This is done by limiting the expansion to
multivariate polynomials of total degree less or equal to a fixed
degree p. The total degree q of any multivariate basis polynomial φα (x) is given by:
M
X

(49)

The coefficients of the truncated expansion can be determined by solving the following least-squares minimization
problem:

where Leαi and Heαi refer to the Legendre and Hermite polynomials of degree αi .
Thereby, the multiscale poromechanics-hydration model
M(X) is replaced by a polynomial expansion of the form of
Eq. (42). For practical application, one needs to determine the
coefficients a(αj) associated with each model prediction Y j .

q = |α| ≡

(48)

k=0

µY j ≡ E[Y j ] = a(0j)

(51)

where it is assumed that the index k equals 0 for |α| = 0.
The variance of each model response can be obtained from
the following expression:

(47)

where N is the number components of the model response.
Each model response can then be approximated by a serie of
the following form:

σ2Y j ≡ V[Y j ] =
8

P/N−1
X 


( j) 2

ai

i=1

(52)

4.2.2. Sobol’ decomposition
The univariate polynomials defined at Eq. (45) are independent on xi if αi is equal to zero. Thereby, it is possible to identify
the input parameters the multivariate polynomials are not functions of, and to reformulate the expansion of Eq. (42) by taking
this information into account. An arbitrary set Ii1 ,...,is that contains all the multi-indices α for which {αi , i = i1 , ..., i s } are the
only indices greater than zero is defined for this purpose:

4.2.3. Probability density function
The polynomial chaos expansion in Eq. (48) may also be considered as a surrogate model of the original model M. In order to estimate and plot the probability density function of any
scalar random response a large sample set of points is drawn
according to the input joint probability density function fX (x),
say {y(k)
j , k = 1, ..., n s } (e.g. n s = 10, 000 - 100, 000). Then the
PDF of M( j) (X) may be estimated by kernel smoothing:


ns
X
 y j − y(k)

1
j

fˆY j (y j ) =
K 
(58)
n s h k=1
h 

(
)
α > 0 ∀ i = 1, ..., M, i ∈ (i1 , ..., i s)
Ii1 ,...,is = α : i
(53)
αi = 0 ∀ i = 1, ..., M, i < (i1 , ..., i s)

where fˆY j (y j ) is the estimator of the PDF of Y j , n s is the sample size, K(·) is a kernel function and h is the bandwidth parameter.
The kernel is a positive function defined such that
R
K(y j )dy j = 1. The most usual kernels are Gaussian and
Epanechnikov functions [51]. For a given kernel function, the
quality of the estimation depends on the smoothness controlled
by the band width parameter. Good results can be obtained from
the empirical Silverman rule for the calculation of the bandwidth:

As presented by Sudret [52, 53], it is possible to gather the
terms of Eq. (42) with respect to the input parameters they depend on:

( j)

M( j) (x) = a0 +

M X
X

i=1 α∈Ii

X

+

( j)

aα φα (xi )

X

a(αj) φα (xi1 , xi2 ) + ...

1≤i1 <i2 ≤M α∈Ii1 ,i2

X

+

#1/5
" √
8 πR (K)
σ̂n−1/5
h (K) =
s
3µ2 (K)2

(54)

X

a(αj) φα (xi1 , ..., xis )

+ ...

1≤i1 <...<i s ≤M α∈Ii1 ,...,i s

+

X

where σ̂ is the estimator of the standard deviation of Y j based
on the sample {y(k)
j , k = 1, ..., n s}. This formulation is obtained
by the minimization of the asymptotic mean integrated square
error for densities not far from normal. R(K) and µ2 (K) are
obtained from:
Z
Z
2
y2 K(y)2 dy
(60)
R (K) =
K(y) dy ; µ2 (K) =

a(αj) φα (x1 , ..., x M )

α∈I1,...,M

where a(0j) refers to the mean of Y j (see Eq. (51)). The summands of the above formulation constitute the unique Sobol’
decomposition [54] of Y j . Each summand can be expressed as
follows [52]:
M(i1j),...,is (xi1 , ..., xis ) =

X

a(αj) φα (xi1 , ..., xis )

(55)

5. Model input parameters

α∈Ii1 ,...,i s

The multiscale poromechanics-hydration model presented by
the authors requires the specification of four kinds of input parameters: the initial phase composition, the kinetic parameters
of hydration, the invariant elastic properties and the morphological parameters of microstructure. Most of this information has
either been directly characterized with uncertainty or assessed
by inverse modeling and calibration. The aim of this section is
to present the models of uncertainty considered for those input
parameters.

M(i1j),...,is

where
is the part of the model response Y j that depends only on the input parameters {xi , i = i1 , ..., i s}. Consequently, the part of the total variance that depends only on these
parameters is:
Vi(1j),...,is (xi1 , ..., xis ) =

X 

α∈Ii1 ,...,i s

a(αj)

2

(56)

The relative contribution of any combination of random input
parameters to the variance of Y j is straightforwardly expressed
by the following polynomial chaos-based Sobol’ indices [52]:
( j)

( j)

S Ui1 ,...,is = Vi1 ,...,is (xi1 , ..., xis )/σ2Y j

(59)

5.1. Phase composition
The initial quantitative phase composition of the cement mixture (see Table 2) is determined by application of the Bogue
method described in Section 2.
The inaccuracy of the mass fractions predicted by Bogue calculation has been discussed by several authors [23, 55–58].
The first reason for this discrepancy with the pure composition is that this method assumes that the clinker reaches equilibrium during cooling while it is very unlikely to happen in
cement manufacture [23]. The non-consideration of the significant amounts of substituent ions present in the anhydrous

(57)

where σ2Y j is given by Eq. (52) for a truncated polynomial
expansion and a finite set of coefficients given by Eq. (49).
The Sobol’ indices constitute the quantitative information
used for the sensitivity analysis of model predictions to the uncertainty of the input parameters.
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hydrogarnet, AFm and AFt. The Poisson’s ratios are considered
as deterministic input parameters.

Table 2: Quantitative phase composition

Anhydrous
phase, X
C3 S
C2 S
C3 A
C4 AF
CS̄H2

Mass fraction, mX [1]
Mean
PDF
0.622 U (0.568,0.676)
0.152 U (0.126,0.178)
0.106 U (0.097,0.115)
0.009 U (0.008,0.010)
0.074 U (0.068,0.080)

5.4. Microstructure parameters
The morphological input parameters of microstructure are
the aspect ratios rX of inclusions and the gel porosities φX of
LD and HD C-S-H. Most of the inclusions of the multiscale
model are considered spherical with a deterministic aspect ratio
of 1. Ettringite crystals are modeled by prolate ellipsoids with
an aspect ratio rAFt of 20 in order to take their sharpness into
account. Portlandite inclusions are represented by oblate ellipsoids and their aspect ratio rCH is set to 0.25 [33]. Both of these
input parameters are defined as uniform random variables with
a coefficient of variation of 10%. The porosities φLD and φHD are
respectively set to 37.3 and 24.7% with respect to the estimations of Jennings [27] and Ulm et al. [1]. Because the density
of early-age calcium-silicate-hydrates is much less certain than
the density of latter hydration product [65], the porosity of LD
C-S-H is considered as a random input parameter while φHD is
kept deterministic. A lognormal PDF is considered for φLD with
a coefficient of variation of 10%.

phases and the attribution of the whole amount of major oxides
(see Table 1) solely to the main clinker phases also contribute to
estimation errors [23]. Without experimental data available, in
this first approach, we reasonably assume those input parameters as uniform random variables. The mean of each mass fraction is taken equal to the estimation obtained from Section 2
and a coefficient of variation of 5% √is considered.
√ This corresponds to selecting a range [−0.05 3 µ• , 0.05 3 µ• ] around
each mean value µ• .
5.2. Kinetic parameters

6. Results and discussion

The input parameters of the hydration model described at
Section 3.1 are summarized in Tables 3 and 4. The characteristic time τX,0 , the reaction order κX , the diffusion coefficient DX
and the hydration degrees ξX,0 and ξX∗ that mark the advancement
stages of hydration at transition between kinetic processes (see
Section 3) are listed in Table 3 for C3 S, C2 S, C3 A and C4 AF.
All those parameters were presented by Bernard et al. [6] and
most of them vary as functions of water-to-cement ratio (w/c).
According to Berliner et al. [59], the reaction order κX and the
diffusion coefficient DX are considered as random input parameters while the characteristic time τX,0 and the hydration degrees
are deterministic. The characteristic times are modeled by logarithmic PDF with coefficients of variation about 10% and the
diffusion coefficients are also considered as lognormal random
input parameters with coefficients of variation about 12%.
The apparent activation energies presented in Table 4 are obtained from Bernard et al. [6]. Without precise quantitative
information about their uncertainty, the authors consider these
input parameters as uniform random variables with coefficients
of variation of 5%.

The multiscale poromechanics-hydration model proposed by
the authors allows one to predict the solid percolation threshold
of a cement paste as a function of the water-to-cement ratio for
0.35 ≤ w/c ≤ 0.70. It also gives access to estimates of the BiotWillis parameter, the skeleton Biot modulus and the drained
and undrained elastic moduli and Poisson’s ratios as functions
of time. The aim of this section is to validate this deterministic
model, to present the results of uncertainty propagation from
the input parameters, to identify the greatest contributors to the
uncertainty of model predictions and to estimate the PDF of the
drained elastic modulus at different time steps.
6.1. Model validation
The predictive capabilities of the deterministic model are
evaluated with respect to the evolution of the undrained elastic modulus and Poisson’s ratio compared to experimental data
obtained by Boumiz et al. [20, 21] on cement pastes similar to
the materials considered in this study.
The evolution of the volume fractions required by the multiscale poromechanics model is presented in Fig. 2 for a water-tocement ratio of 0.50 at a curing temperature T of 25o C. The volume fractions of hydration products ( fLD , fHD , fCH , fAFt and fC3 AH6 )
increase in counteraction to decreases of the amounts of reactants ( fC3 S , fC2 S , fC3 A , fC4 AF , fCS̄H2 and fH ). The late reaction of ettringite to form AFm starts at an overall hydration degree ξ of 0.68
and is not total; a remaining amount of AFt is predicted at the
end of hydration.
The prediction of the undrained elastic modulus Eu is presented in Fig. 3 as functions of the overall hydration degree
and time. A good agreement is observed between those estimates and the experimental data of Boumiz et al. [20] obtained

5.3. Elastic parameters
The input parameters of the multiscale poromechanics model
presented at Section 3.2 are summarized in Table 5. Those are
the elastic moduli E and the Poisson’s ratios ν of the elementary material phases presented in Fig. 2. Most of the elastic
moduli have been determined from measurements obtained by
nanoindentation while considering fixed values of Poisson’s ratios. These Young moduli are defined as lognormal random
input parameters with coefficients of variation between 5 and
20%, depending on the values reported by the authors (see Table 5). A coefficient of variation of 10% is considered to fill the
lack of quantitative information about uncertainty for gypsum,
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Table 3: Kinetic parameters

Phase,
X
C3 S

C2 S

C3 A

C4 AF

w/c
[1]
0.4
0.5
0.6
0.4
0.5
0.6
0.4
0.5
0.6
0.4
0.5
0.6

τX,0
[h]
12.7
11.9
11.2
66.1
60.9
59.8
53.5
49.2
42.6
24.2
21.4
17.9

κX [1]
Mean
1.79
1.72
1.69
1.03
0.96
0.90
1.07
1.00
0.93
2.37
2.30
2.23

SD
0.18
0.17
0.17
0.10
0.10
0.09
0.11
0.10
0.09
0.24
0.23
0.22

PDF
ln N
ln N
ln N
ln N
ln N
ln N
ln N
ln N
ln N
ln N
ln N
ln N

ξX∗
[1]

DX [cm2 /h]
Mean
1.05 × 10−10
2.64 × 10−10
6.42 × 10−10

SD
0.13 × 10−10
0.32 × 10−10
0.77 × 10−10

PDF
ln N
ln N
ln N

0.60

0.00

6.64 × 10−13

0.80 × 10−13

ln N

0.60

0.04

2.64 × 10−10

0.32 × 10−10

ln N

0.60

0.40

1.05 × 10−10
2.64 × 10−10
6.42 × 10−10

0.13 × 10−10
0.32 × 10−10
0.77 × 10−10

ln N
ln N
ln N

0.60

ξX,0
[1]
0.02

Table 4: Apparent activation energies
1.0

Ea,X /R
Mean
4500
2500
5500
4200

fH

[K]

fCH

PDF
U (4110,4890)
U (2285,2715)
U (5025,5975)
U (3835,4565)

fHDCSH

0.8

Volume fractions, fX [1]

Anhydrous
phase, X
C3 S
C2 S
C3 A
C4 AF

fLDCSH
fC3 AH6

0.6

fAFm
fAFt
fCS̄H2

0.4

by accoustic wave measurements. The root mean square error computed between experiments and predictions are 1.22,
0.43 and 0.39 GPa for water-to-cement ratios of 0.40, 0.50 and
0.60. Graphically, the solid percolation thresholds can be interpreted as the times t0 or hydration degrees where the curves
of undrained elastic moduli intercept the horizontal axes. The
greatest discrepancy with experimental data is observed for the
mix of water-to-cement ratio of 0.40.
The predictions of the Poisson’s ratios for the three mix designs of the study are presented in Fig. 4 and compared to experimental data from Boumiz et al. [21] at a water-to-cement ratio
of 0.40. The model predicts a slightly faster decrease of the
Poisson’s ratio than suggested by the experimental data. However the relation νu (t) has a shape that is representive of the
observations and that tends towards the same value than what
was measured on the hardened cement paste.
The multiscale poromechanics-hydration model is validated
for its capaciy to predict the evolution at early-age of the elastic properties of cement pastes with water-to-cement ratios between 0.35 and 0.70. The upper-limit value of w/c is imposed
by the validity domain of the kinetic parameters calibrated by
Berliner et al. [59] and the lower value is prescribed by the limitation of the self-consistent homogenization scheme adopted
at level II (see Section 3.2.2) to model percolation. Indeed, the
multiscale poromechanics-hydration model predicts initial stiffnesses significantly greater than zero for mix designs of water-

fC4AF
fC3A

0.2

fC2S
0.0
0.0

fC3S
0.2

0.4

0.6

Overall hydration degree, [1]

0.8

1.0

Figure 2:

to-cement ratios lower than 0.35.
6.2. Uncertainty propagation
A set of nt deterministic time steps is prescribed for the
three mix designs of this study (w/c = 0.40, 0.50, 0.60). For
each mix, the solid percolation threshold t0 is computed and
the drained elastic modulus E, the Biot-Willis parameter b and
the skeleton Biot modulus N are simulated at every time step.
There are 3nt + 1 model responses calculated by mix and 31 input parameters. A degree p = 2 is prescribed for the truncature
of the polynomial expansion (see Eq. (48)) so that the number
of unknown coefficients is 528 per model response. According
to precedent works [48, 66, 67], these coefficients can be accurately determined by regression from experimental designs of
sizes 2 to 3 times greater than the number of unknowns. An experimental design that contains 2,000 realizations by model response is drawn by LHS. The calculatoins are carried out using
11

Table 5: Elastic parameters

Compound
Tricalcium
silicate
Dicalcium
silicate
Tricalcium
aluminate
Tetracalcium
aluminoferrite
Gypsum
Portlandite
Hydrogarnet
AFm
AFt
LD C-S-H
HD C-S-H

ν

Ref.

PDF
ln N

0.3

Acker [60], Velez et al. [61]

C2 S

130.0

20.0

ln N

0.3

Acker [60], Velez et al. [61]

C3 A

145.0

10.0

ln N

0.3

Acker [60], Velez et al. [61]

C4 AF

125.0

25.0

ln N

0.3

Acker [60], Velez et al. [61]

CS̄H2

45.7

4.6

ln N

0.33

CH
C3 (A, F)H6
C4 AS̄H12
C6 AS̄3 H32
C3.4 S2 H8
C3.4 S2 H8

38.0
22.4
42.3
22.4
21.7
29.4

5.0
2.2
4.2
2.2
2.2
2.4

ln N
ln N
ln N
ln N
ln N
ln N

0.305
0.25
0.324
0.25
0.24
0.24

Choy et al. [62],
Bhalla et al. [63]
Constantinides and Ulm [7]
Kamali et al. [64]
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Figure 4:

the open source software for uncertainty quantification Open
TURNS (http://www.openturns.org/).
Means and variances are computed with respect to Eqs. (51)
and (52). The evolution of the means plus or minus a standard deviation and the coefficients of variation of the poroelastic properties (E, b, N) are represented as functions of time in
Fig. 5. The uncertainties of the model predictions are described
as follows:
Drained elastic modulus, E: A very high uncertainty is observed during the first 12 hours, when percolation is susceptible
to happen. The lower the water-to-cement ratio, the faster is the
decrease of the coefficient of variation towards a limit of 5% independent of the mix design. In comparison to the uncertainty
models of input parameters (see Section 5), the propagation of

randomness through scales up to the macroscopic elastic modulus tends to diminish the uncertainty.
Biot-Willis parameter, b: The initial uncertainty is negligible
but it increases fastly during the first 12 hours of hydration. The
limit coefficients of variation lie between 1.5 and 4% and are
inversely proportional to the water-to-cement ratio. The propagation through scales does not show any magnification of the
uncertainty.
Skeleton Biot modulus, N: The coefficients of variation of
the skeleton Biot modulus vary between 5 and 10%. The uncertainty of the mix design with a water-to-cement ratio of 0.40
exhibits a significant increase during the first 24 hours.
Solid percolation threshold, t0 : The mean predictions of the
solid percolation threshold are 1.01, 2.06 and 2.60 h respec12
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Figure 5:

tively for water-to-cement ratios of 0.40, 0.50 and 0.60. The
coefficients of variation are 2.5, 6.3 and 9.6%. The greater the
initial amount of water, the greater is the uncertainty on setting
predictions.

less significant is the correlation between the setting time and
those macroscopic properties. This is consistent with the fact
that different micromechanics-hydration models [6, 15, 35] can
predict significantly different behaviors during the first hours
of hydration while providing equally good estimates of mature
elastic properties. The correlations of the Biot-Willis parameter tensor and the skeleton Biot modulus with t0 decrease faster
than ρE,t0 (t).

Fig. 5 also presents the evolution of pairwise correlations
among the macroscopic poroelastic properties as a function of
time. The elastic modulus E and the Biot-Willis parameter b
are negatively correlated. According to the counteracting contribution of pore pressure and strain in the first poromechanics
state equation (see Eq. 29), this correlation is likely to amplify
the uncertainty of the computed stress acting over an isotropic
element of cement paste subjected to tensile strains. In the
case of a prescribed pore pressure with stress-free deformations
(e.g. autogenous shrinkage), this correlation may be responsible of a magnification of the uncertainty of the computed volume changes. Similarly, beyond 12 hours of hydration, the joint
uncertainty of the skeleton Biot modulus N and the Biot-Willis
parameter b amplifies the uncertainty of the porosity change
predicted by Eq. (33).

6.3. Global sensitivity analysis
The results of the global sensitivity analysis are respectively
presented in Figs. 7, 8 and 9 for the percolation threshold, the
drained elastic modulus and the Biot-Willis parameter. For the
sake of clarity, the 31 input parameters were gathered into four
categories (see Section 5) and allocated as follows: 5 initial
amounts of anhydrous cement phases, 12 kinetic parameters, 11
elastic moduli and 3 morphological parameters of microstructure.
The contribution of each category consists in the sum of the
first order Sobol’ indices (see Eq. (58)) of the input parameters
belonging to the category. The total sum of these indices is
almost 1 for every model response. This means that there are

The pairwise correlations of the poroelastic properties with
the solid percolation threshold are presented in Fig. 6 as a function of time. The more the hydration process is advanced, the
13

6.4. Probability density function
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The stochastic metamodel (see Eq. (48)) is used to generate
samples of 7,000 realizations of the elastic modulus at different
time steps. The PDF of these reponse quantities is estimated by
Gaussian kernel smoothing (see Section 4.2.3) and represented
in Fig. 10. Then, extreme values of the elastic modulus can be
obtained from those distributions. For instance, the 5% quantile
is represented in Fig. 10.
Before using such PDFs for consistent reliability analysis, it
could be relevant to confront the uncertainty propagation predicted in this study to experimental observations of the propagation of randomness through scales. A part of this information could be obtained by an extensive application of nondestructive mechanical testing procedures at nano- and macroscale.
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7. Conclusion and outlook on future research

Figure 6:

A multiscale poromechanics-hydration model was proposed
to estimate the Biot-Willis parameter, the skeleton Biot modulus and the drained and undrained elastic moduli and Poisson’s
ratio of hydrating cement paste as a function of time. The shape
of the inclusions of ettringite and portlandite in cement paste
was considered to provide a better modeling of the evolution of
the elastic properties during the first hours of hydration. These
properties can then be used in macroscopic state equations to
model the poromechanical behavior of partially saturated cement paste.
The model was validated for cement pastes with water-tocement ratios between 0.35 and 0.70. We employed a powerful
probabilistic approach based on polynomial chaos expansion to
propagate the uncertainty of the phase composition, the kinetic
parameters of hydration, the elastic moduli and the morphological parameters through length scales. The polynomial expansion allows predicting variability and identifying its greatest
contributors among the uncertain input parameters. The results
show that the propagation does not magnify the uncertainty
for the single poroelastic properties although, their correlation
may amplify the variability of the estimates obtained from the
macroscopic state equations. In order to reduce the uncertainty
of the percolation threshold and the poroelastic properties at
early-age, engineers should attempt to decrease the uncertainty
of the apparent activation energy of calcium aluminate. Later
on, the variability of the poroelastic properties can be reduced
by improving the accuracy of the elastic modulus of LD C-S-H.
This work is a first step for us towards a probabilistic microporomechanics approach for assessing volume changes at earlyage and risk of cracking directly from relevant features of the
microstructure of cement-based materials.

negligible interaction effects between these variables. Hence,
only the univariate contributions are considered in the sequel.
The greatest contributors to the uncertainty of the percolation threshold are the kinetic parameters. Independently of any
category, the variability of the apparent activation energy of aluminate Ea,C3 A /R, the aspect ratio of ettringite rAFt , and the aspect
ratio of portlandite rCH is responsible of more than 94% of the
uncertainty of the setting time for any mix design. The lower
the water-to-cement ratio, the lower is the influence of the kinetic parameters and the bigger is the contribution of the shape
of inclusions. However, the total contribution of the microstructure parameters does not go over 19.6%. The quantitative phase
composition has a negligible influence and the elastic moduli of
the elementary material phases do not contribute at all.
The most important contribution to the variability of the elastic modulus during the first 12 hours (see Fig. 8) comes from the
kinetic parameters and, more precisely, the apparent activation
energy of aluminate. The part of variance due to the elastic
moduli of the elementary material phases increases with time
until the end of hydration. After 18 hours, the elastic parameters govern and ELD is the greatest source of uncertainty. After
36 hours, the second greatest contributor is the elastic modulus
of portlandite, and at 96h, approximately 60% of the variance
is due to ELD . The microstructure parameters and the quantitative phase composition have negligible effects. The sensitivity
of the elastic modulus of cement paste does not vary much as a
function of the water-to-cement ratio.
The Biot-Willis parameter b exhibits the same decreasing
sensitivity to the apparent activation energy Ea,C3 A /R (Fig. 9).
However, the rate of the increasing part of variance due to the
elastic moduli is slower. After 12 hours, the quantitative phase
composition starts to influence the uncertainty and this contribution grows until it lies between 14 and 22%, depending on
the water-to-cement ratio.
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