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Abstract

We introduce a mean-reverting SDE whose solution is naturally defined on the space of correlation
matrices. This SDE can be seen as an extension of the well-known Wright-Fisher diffusion. We provide
conditions that ensure weak and strong uniqueness of the SDE, and describe its ergodic limit. We also
shed light on a useful connection with Wishart processes that makes understand how we get the full
SDE. Last, we focus on the simulation of this diffusion and present discretization schemes that achieve
a second-order weak convergence.
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Introduction

The scope of this paper is to introduce an SDE that is well defined on the set of correlation matrices. Our
main motivation comes from an application to finance, where the correlation is commonly used to describe
the dependence between assets. More precisely, a diffusion on correlation matrices can be used to describe
the instantaneous correlation between the log-prices of different stocks. Thus, it is also very important for
practical purpose to be able to sample paths of this SDE in order to compute expectations (for prices or
greeks). This is why an entire part of this paper is devoted to get an efficient simulation scheme. More
generally, processes on correlation matrices can naturally be used to model the dynamic of the dependence
between some quantities and can be applied to a much wider range of applications. In this paper, we focus
on the definition, the mathematical properties and the sampling of this SDE. In a further work, we will
investigate a possible implementation in finance to model an index and its stock components.

There are works on particular Stochastic Differential Equations that are defined on positive semidefinite
matrices such as Wishart processes (Bru [3]) or their Affine extensions (Cuchiero et al. [5]). On the contrary,
there is to the best of our knowledge very few literature dedicated to some stochastic differential equations
that are valued on correlation matrices. Of course, general results are known for stochastic differential
equations on manifolds. However, no particular SDE defined on correlation matrices has been studied in
detail. In dimension d = 2, correlation matrices are naturally described by a single real p € [—1,1]. The
probably most famous SDE on [—1, 1] is the following Wright-Fisher diffusion:

dXt :Fé(ﬁ—Xt)dt-i-O'\/l—XthBt, (1)
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where k > 0, p € [-1,1], 0 > 0, and (By)¢>0 is a real Brownian motion. Here, we make a slight abuse
of language. Strictly speaking, Wright-Fisher diffusions are defined on [0, 1] and this is in fact the process
(%,t > 0) that is a Wright-Fisher one. They have originally been used to model gene frequencies (see
Karlin and Taylor [14]). The marginal law of X, is known explicitly with its moments, and its density can
be written as an expansion with respect to the Jacobi orthogonal polynomial basis (see Mazet [16]). This
is why the process (X¢,t > 0) is sometimes also called Jacobi process in the literature. In higher dimension
(d > 3), no similar SDE has been yet considered. To get processes on correlation matrices, it is instead used
parametrization of subsets of correlation matrices. For example, one can consider X, defined by (X;); ; = p
for 1 < i # j < d, where p; is a Wright-Fisher diffusion on [-1/(d — 1),1]. More sophisticated examples
can be found in [15]. The main purpose of this paper is to propose a natural extension of the Wright-Fisher
process (1) that is defined on the whole set of correlation matrices.

Let us now introduce the process. We first advise the reader to have a look at our notations for matrices
located at the end if this introduction, even though they are rather standard. We consider (W;,¢t > 0), a
d-by-d square matrix process whose elements are independent real standard Brownian motions, and focus
on the following SDE on the correlation matrices €4(R):

t d t
Xi=xz+ / (k(c— Xo) + (c— X)r)ds + an/ (w /X — Xseh XodWelk + ehdWT /X, — Xsegxs) :
0 el 0

(2)
where z,¢ € €4(R) and k = diag(k1,...,kq) and a = diag(as,...,aq) are nonnegative diagonal matrices
such that

ke+ck — (d—2)a* € ST (R) or d = 2. (3)

Under these assumptions, we will show in Section 2 that this SDE has a unique weak solution which is
well-defined on correlation matrices, i.e. ¥Vt > 0, X; € €4(R). We will also show that strong uniqueness holds
if we assume moreover that z € €4(R) and

ke + ck — da* € ST (R). (4)

Looking at the diagonal coefficients, conditions (3) and (4) imply respectively x; > (d — 2)a?/2 and x; >
da?/2. This heuristically means that the speed of the mean-reversion has to be high enough with respect to
the noise in order to stay in €4(R). Throughout the paper, we will denote M RCy(x, K, ¢,a) the law of the
process (X;)i>0 and M RCy(z, K, c,a;t) the law of X,;. Here, M RC stands for Mean-Reverting Correlation
process. When using these notations, we implicitly assume that (3) holds.

In dimension d = 2, the only non trivial component is (X;); 2. We can show easily that there is a real
Brownian motion (By,t > 0) such that

d(X¢)12 = (k1 + K2)(c1,2 — (Xi)1,2)dt + \/a% + a%\/l — (X1)3 2dB:.

Thus, the process (2) is simply a Wright-Fisher diffusion. Our parametrization is however redundant in
dimension 2, and we can assume without loss of generality that K1 = k2 and a; = ao. Then, the condition
ke + ck € SF(R) is always satisfied, while assumption (4) is the condition that ensures V¢ > 0, (X;)1,2 €
(—=1,1). In larger dimensions d > 3, we can also show that each non-diagonal element of (2) follows a
Wright-Fisher diffusion (1).

The paper is structured as follows. In the first Section, we present first properties of Mean-Reverting
Correlation processes. We calculate the infinitesimal generator and give explicitly their moments. In partic-
ular, this enables us to describe the ergodic limit. We also present a connection with Wishart processes that
clarifies how we get the SDE (2). It is also useful later in the paper to construct discretization schemes. Last,
we show a link between some MRC processes and the multi-allele Wright-Fisher model. Then, Section 2 is
devoted to the study of the weak existence and strong uniqueness of the SDE (2). We discuss the extension
of these results to time and space dependent coefficients k, ¢, a. Also, we exhibit a change of probability
that preserves the family of MRC processes. The last and third Section is devoted to obtain discretization



schemes for (2). This is a crucial issue if one wants to use MRC processes effectively. To do so, we use
a remarkable splitting of the infinitesimal generator as well as standard composition technique. Thus, we
construct discretization schemes with a weak error of order 2. This can be done either by reusing the second
order schemes for Wishart processes obtained in [1] or by an ad-hoc splitting (see Appendix D). All these
schemes are tested numerically and compared with a (corrected) Euler-Maruyama scheme.

Notations for real matrices :
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1

1.1

For d € N*, M4(R) denotes the real d square matrices; Sq(R), S (R), S, *(R), and G4(R) denote
respectively the set of symmetric, symmetric positive semidefinite, symmetric positive definite and non
singular matrices.

The set of correlation matrices is denoted by €4(R):
CaR)={z eSS (R),V1<i<d, z;;, =1}
We also define €5(R) = €4(R) N G4(R), the set of the invertible correlation matrices.

For # € My(R), 2T, adj(z), det(x), Tr(x) and Rk(x) are respectively the transpose, the adjugate, the
determinant, the trace and the rank of z.

For z € 8§ (R), v/ denotes the unique symmetric positive semidefinite matrix such that (v/z)* =z

The identity matrix is denoted by I;. We set for 1 < 4,5 < d, efi’j = (Lk=iji=j)1<ki<a and €, = efi’i.
Last, we define eg’]} = 4 Lz el

For z € S4(R), we denote by wy; j; the value of z; ;, so that x = Zl<i<j<d z{i,j}egi’j}. We use both
notations in the paper: notation (mi7j)1§i7j§d is of course more convenient for matrix calculations

while (2; j3)1<i<j<d is preferred to emphasize that we work on symmetric matrices and that we have
SCZ'J' = Siji.

For A1,...,A\q € R, diag(A1, ..., ¢) € Sq(R) denotes the diagonal matrix such that diag(A1, ..., Ag)ii =
A

For z € 8 (R) such that z;; > 0 for all 1 <i < d, we define p(z) € €4(R) by
Lj<d. 5)
For z € §4(R) and 1 < i < d, we denote by zll e Si-1(R) the matrix defined by xgs]l = Tt Ly 415

and 2’ € R the vector defined by 337@ =ux;4 for 1 <k <iand x}v = x; k41 for ¢ <k < d—1. For

x € €4(R), we have (x — xegx)[i] =2l — 27 ()T,

Some properties of MRC processes

The infinitesimal generator

We first calculate the quadratic covariation of M RCy(x, k, ¢, a). By Lemma 27, we get:

(@X0)s5 AKXty = a2 (Lick(Xe — XeelXo)s0 + Limt(Xe — XoelX0)s0)
+a2(Ljmp (X, — Xe€h X, )iy + 1y (X, — XteiXt)iyk)} dt
= [af(ﬂi:k((Xt)j,l — (Xt)ij (Xe)in) + Lima (Xe)j0 — (Xt)ij (Xt)i k) (6)

a2 (Lo (X0)ia = (X0)5(X0)50) + Lima((Ke)ik — (X0 (X)) |
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We remark in particular that d{(X); ;, d(X¢)r,:) = 0 when 4, j, k, [ are distinct.
We are now in position to calculate the infinitesimal generator of M RCy(z, k,c,a). The infinitesimal
generator on Mg(R) is defined by:

E[f(X][)] —
r € €y(R), LMf(2) = lim M for f € C*(Mg4(R),R) with bounded derivatives.
By straightforward calculations, we get from (6) that:

LM= Z (ki + kj)(cij — 2i5)0i  + % Z ai(zjk — i @i k)[0ij0ik + 0ijOki + 07,01k + 0;,i0k.i).
1<i,j<d 1<6,5,k<d
i ik
Here, 0;; denotes the derivative with respect to the element at the i*" line and j** column. We know
however that the process that we consider is valued in €;(R) C S;(R). Though it is equivalent, it is often
more convenient to work with the infinitesimal generator on Sz(R), which is defined by:

E[f(X[)] —
x € €y(R), Lf(x) = 1ir(1)r1+ M for f € C*(S4(R),R) with bounded derivatives,
-

since it eliminates redundant coordinates. For x € S;(R), we denote by xy; ;3 = x;; = x;; the value of
the coordinates (,j) and (j,4), so that = = 3=, ;o ;cq @iy (e’ + Ligjef"). For f € C*(Sa(R),R), dyijy f
denotes its derivative with respect to xy; ;3. For € Mg(R), we set w(z) = (x + «7)/2. It is such that
n(x) = x for x € Sy(R), and we have Lf(x) = L™ f o m(z). By the chain rule, we have for z € S4(R),
0i;fom(z) = (L= + %1i¢j)8{i7j}f(x) and we get:

1
L=Y"| > rilepiy — i) + 5 D ai@gey — gy Tt 0 | - (7)
i=1 | 1<j<d 1<j,k<d
i Pz =

Then, we will say that a process (X¢,t > 0) valued in €4(R) solves the martingale problem of M RCy(z, k, ¢, a)
ifforanyn e N*, 0<t; <---<t, <t<s,01,...,9n € C(Sa(R),R), f € C%(S4(R),R) we have:

E [1_1 aix0) (100 = 6 - | t Lf(Xs)ds)] 0, and Xy =z ®)

S

Now, we state simple but interesting properties of mean-reverting correlation processes. Each non-diagonal
coefficient follows a Wright-Fisher type diffusion and any principal submatrix is also a mean-reverting cor-
relation process. This result is a direct consequence of the calculus above and the weak uniqueness of the
SDE (2) obtained in Corollary 3.

Proposition 1 — Let (X;)i>0 ~ MRCy(z,k,¢c,a). For1 <i# j <d, there is Brownian motion (ﬁi’j,t >
0) such that

d(Xt)ij = (ki + £5)(cij — (Xe)ig)dt + \/%2 + af\/l — (X1)2,dB. 9)

Let I = {ky < --- < kg} C{l,...,d} such that 1 < d < d. For x € My(R), we define z! € Ma(R) by
(x1);; = Ty, k, for 1 <i,j <d'. We have:

(XDiz0 "2 MRCy (2 k¢! ah).



hal-00617111, version 1 - 26 Aug 2011

1.2 Calculation of moments and the ergodic law

We first introduce some notations that are useful to characterise the general form for moments. For every
x € Sg(R),m € S4(N), we set:

m o__ Mi,5} _ .
e = [[ eply andlml= 3" mpyy.
1<i<j<d 1<i<j<d

A function f : S;(R) — R is a polynomial function of degree smaller than n € N if there are real numbers
am such that f(z) =3, <, ama™, and we define the norm of f by |[fllp = >, <, |am|.

We want to calculate the moments E[X]"] of (X;,¢ > 0) ~ M RCy(z, k, ¢,a). Since the diagonal elements
are equal to 1, we will take my; ;3 = 0. Let us also remark that for i # j such that x; = x; = 0, we have
from (3) that a; = a; = 0. Therefore we get (X;); ; = x;; by (9).

Proposition 2 — Let m € S4(N) such that m;; = 0 for 1 < i <d. Let (X{)i>0 ~ MRCqy(x,k,c,a). For
m € Sq(N), La™ = —Kpx™ + fin(x), with

d d L d
K = Z Z Kimyi,j} + B} Z aj Z M55} M k)
i=1 j—1

i=1  j k=1
and
a4 iy 1 d d {i.g} _ ik} {4.k}
_ 1 2 S K253 S K2 + J.k
Jnl@) = DD micqigymeaya™ T £ 5D af 3 mygympa™ Tt
i=1 j=1 i=1 k=1

is a polynomial function of degree smaller than |m| — 1. We have

t
E[X["] = 2™ exp(—tK,,) + exp(—th)/ exp(sKm)E[fm(Xs)]ds. (10)

0
Proof :  The calculation of Lz™ is straightforward from (7). By using Itd’s formula, we get easily that
BRI — KW E[X"] + E[fm (X)), which gives (10). O

Equation (10) allows us to calculate explicitly any moment by induction on |m|. Here are the formula
for moments of order 1 and 2:

Vi<i#j<d, E[(Xy)i;] = :Ei,jeft(’“”"”“j) + e (1 — e*t(HiJrKj))’
and for given 1 <i # j < dand 1 <k #1[ < d such that x; + x; > 0 and s; + ~; > 0,

E[(X0)i;(Xe)ka] = @ijarge” Tkt 4 (k5 4 kj)ei jyea(t) + (5k + w1) ek (t)
+ai (Lizey50 () + Limiyy k(1) + aF (Lj=kyia(t) + Limvik (1)
where K; j 1 = ki + Kkj + ki + f + aF (Lick + 1) + a? (L= + 1,=) and

1 — e~ tKigkt e~ tEmthn) _ otKi k1
T Ko meoma)
1,75,

vmvne{ivjakvl}a’)/m,n(t):cm,n Ki ool — fm — 1
1,75, m n

Let f be a polynomial function of degree smaller than n € N. From Proposition 2, L is a linear mapping

on the polynomial functions of degree smaller than n, and there is a constant C,, > 0 such that ||Lf|jp <
Cypllfllp- On the other hand, we have by Itd’s formula E[f(X;)] = f(x) + fot E[Lf(Xs)]ds, and by iterating

E[f(X))] = X5 G L f(2) + fi Sl R[LF1 f(X,)]ds. Since || Lifllp < Ci [ f]|e, the series converges and we

have
o Lk
B (X)) = L () (11)
=0
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for any polynomial function f. We also remark that the same iterated It6’s formula gives
L
Vf € C®(Su(R),R),Vk € N*,3C > 0,Vz € €4(R), [E[f(X;)] =D —L'f(x)| < Ct**, (12)
1!
i=0
since L**1f is a bounded functions on €4(R).
Let us discuss some interesting consequences of Proposition 2. Obviously, we can calculate explicitly in

the same manner E[X™" . XZ:"] for 0 <t; <--- <t, and my,...,m, € Sg(N). Therefore, the law of
(Xty,-.-,X¢,) is entirely determined and we get the weak uniqueness for the SDE (2).

Corollary 3 — Ewvery solution (X¢,t > 0) to the martingale problem (8) have the same law.

Proposition 2 allows us to compute the limit lim;_, ;o E[X]"] that we note E[X] by a slight abuse of
notation. Let us observe that K,, > 0 if and only if there is ¢, j such that x; +; > 0 and m; ; > 0. We have

E[XZ] = a™if m € S4(N) is such that my; ;3 >0 <= k; = K; =0, (13)
E[XZ] = E[fm(Xw)]/Km otherwise.

Thus, X; converges in law when ¢t — +o00, and the moments E[X] are uniquely determined by (13) with
an induction on |m|. In addition, if k; + ; > 0 for any 1 < 4,j < d (which means that at most only one
coefficient of « is equal to 0), the law of X, does not depend on the initial condition and is the unique
invariant law. In this case the ergodic moments of order 1 and 2 are given by:

E[(Xw)ij]l = ecijs
(Ki + K5 + Bk + K)eierg + af (Limrcga + Lizicjr) + a5 (Lj—gcin + Limicig)
E[(Xoo)ij(Xoo)it] = o ’ :
VAL

1.3 The connection with Wishart processes

Wishart processes are affine processes on positive semidefinite matrices. They have been introduced by
Bru [3] and solves the following SDE:

t t
Y = y+/ ((a +1)a%a + bYY + Y2bT) ds+/ (V¥Faw,a+ o awI VYY), (14)
0 0

where a,b € My(R) and y € SJ (R). Strong uniqueness holds when a > d and y € S, *(R). Weak existence
and uniqueness holds when a > d — 2. This is in fact very similar to the results that we obtain for mean-
reverting correlation processes. The parameter a + 1 is called the number of degrees of freedom, and we
denote by WIS4(y,a+ 1,b,a) the law of (Y}, ¢ > 0).

Once we have a positive semidefinite matrix y € S; (R) such that y;; > 0 for 1 <i < d, a trivial way to
construct a correlation matrix is to consider p(y), where p is defined by (5). Thus, it is somehow natural
then to look at the dynamics of p(Y;”), provided that the diagonal elements of the Wishart process do not
vanish. In general, this does not lead to an autonomous SDE. However, the particular case where the Wishart
parameters are a = e} and b = 0 is interesting since it leads to the SDE satisfied by the mean-reverting
correlation processes, up to a change of time. Obviously, we have a similar property for a = €, and b = 0 by
a permutation of the ith and the first coordinates.

Proposition 4 — Let o > max(1,d — 2) and y € SJ (R) such that y;; > 0 for 1 <i < d. Let (Y")i>0 ~
WIS4(y,a+1,0,el). Then, (Y¥)ii = yii for 2 <i < d and (YY)1,1 follows a squared Bessel process of
dimension o+ 1 and a.s. never vanishes. We set
t
1
ds.
/0 (Y )11

Xe =p(Yy), ¢(t)
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The function ¢ is a.s. one-to-one on Ry and defines a time-change such that:

(0%
1 1
€4 Id, ed).

law
(Xdrl(t)vt > 0) = MRCd(p(y), 9

In particular, there is a weak solution to MRC4(p(y), $el, la,e}). Besides, the processes (Xg-10),t > 0)
and ((Y¥)1,1,t > 0) are independent.

Proof : From (14), a = e} and b =0, we get d(Y}Y); ; = 0 for 2 <i,j < d and
d d
A )11 = (@+1)dt+ 2 (VY rs(dWe)e, dYP)ri =D (Y¥)ik(dWi)k (15)
k=1 k=1

In particular, d((Y,¥)11) = 4(YY)1,1dt and (Y}¥)1,1 is a squared Bessel process of dimension o + 1. Since
a+ 1> 2 it almost surely never vanishes. Thus, (X¢,t > 0) is well defined, and we get:

d Y 7
WX = S 4y (ﬁ (X @> @Ver  (16)

(Y )11 —1 (Y1194, T (Y

By Lemma 30, ¢(t) is a.s. one-to-one on R, and we consider the Brownian motion (W;,¢ > 0) defined by

(W¢(t))z‘,j = (! %ds We have by straightforward calculus
4GV )ik (Y1 )nk
o o=t (@)" 1(#)/1, -
d(Xqﬁ*l(t))l,i = 7—(X¢71(t))11idt —+ Z ——— (Xdrl(t))l,ii (th>k,1 (17)
2 st Yii (Yy Lt ))

d{(Xp-10)1,85 (Xg-10))1,5) = [(Xp-1())is — (Xp—1(6))1,:(Xg-1(0))1,5] 8,

which shows by uniqueness of the solution of the martingale problem (Corollary 3) that (X¢-1(),t > 0) law
MRCd(I)(ZJ), %etlia Ida etli)
Let us now show the independence. We can check easily that

1

UXeir (X)) = Gy

[(X2)ij — (Xe)14(Xe)15] and d((Xe)1, (V)11) = 0. (18)
We deﬁne \Il(y) S Sd(R) fOI‘ Yy e S;(R) SuCh that yi,i > 0 by \Il(y)l,i = \p(y)i,l = ylyi/ﬂ /yl,lyi,i and
U(y);; = yi,; otherwise. By (15) and (16), (¥(Y;),t > 0) solves an SDE on S¢(R). This SDE has a unique
weak solution. Indeed, we can check that for any solution (Y;,t > 0) starting from W(y), (U~1(Y;),t >
0) ~ WISy(y,a + 1,0,e}), which gives our claim since ¥ is one-to-one and weak uniqueness holds for

WISq(y, o+ 1,0,€}) (see [3]). Let (B, t > 0) denote a real Brownian motion independent of (W, ¢ > 0).
We consider a weak solution to the SDE

d(i/t)l,l = (a+1)dt+2\/(}7t>111d3t, d(ﬁ)iﬁj :OfOI‘ 2 SZ,] S d,
d — —
_ o dt (VY2)ik o (WY ,
dY)1: = —=Vi=——+ ——— Y1, | W), i =2,...,d
2 Yoia (Ye)1,1¥ii (Ye)11

that starts from Yy = W(y). It solves the same martingale problem as ¥(Y;), and therefore (U (Y;),t >
0) = faw (Y;,t > 0). We set ¢(t) fo (Y) - ds. As above, ((Yéfl(t))u,i = 2...,d) solves an SDE driven by
(Wi, t > 0) and is therefore independent of ((Yi)1.1,t > 0), which gives the desired independence. O
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Remark 5 — There is a connection between squared-Bessel processes and one-dimensional Wright-Fisher
diffusions that is similar to Proposition 4. Let us consider Z} = z; + 3t + fot J\/Zde,i = 1,2 two squared
Bessel processes driven by independent Brownian motions. We assume that 1, 82,0 > 0 and 02 < 2(B1+52)
so that Yy = Z} + Z2 is a squared Bessel processes that never reaches 0. By using Ité calculus, there is a real
Brownian (Bt,t > 0) motion such that X; = Z}']Y; satisfies

dt dB
4Xs = (1 -+ Bl iﬂ - X0)§ + oVl = X) 2k

and we have (dX;,dY;) = 0. Thus, we can use the same argument as in the proof above: we set ¢(t) =
fo 1/(Ys)ds and get that (X,- 1)t 2> 0) is a one-dimensional Wright-Fisher diffusion that is independent
of (Yt,t 2 0). This property obviously extends the well known identity between Gamma and Beta laws. This
kind of change of time have also been considered in the literature by [8] or [11] for similar but different
multi-dimensional settings.

1.4 A remarkable splitting of the infinitesimal generator

In this section, we present a remarkable splitting for the mean-reverting correlation matrices. This result
will play a key role in the simulation part. In fact, we have already obtained in [1] very similar properties
for Wishart processes. Of course, these properties are related through Proposition 4, which is illustrated in
the proof below.

Theorem 6 — Let a > d — 2. Let L be the generator associated to the M RCq(xz, $a?, I3,a) on €q(R) and
L; be the generator associated to MRCq(x, $€i), 1g,€ly), fori € {1,...,d}. Then, we have

d
L= alLi and Vi,je{l,...,d}, L;iL; = L;L;. (19)
i=1
Proof :  The formula L = Zf 1 a?L; is obvious from (7). The commutativity property can be obtained

directly by a tedious but simple calculus, which is made in Appendix C. Here, we give another proof that
uses the link between Wishart and Mean-Reverting Correlation processes given by Proposition 4.

Let LY denotes the generator of WISy(z,a+1,0,¢€%). From [1], we have LZ-WLJW = LJWLZ-W for1<14,5<
d. Let us consider o > max(5,d —2) and z € €4(R). We set for i = 1,2 (Y;"", ¢ > 0) ~ WISq(x,a+1,0,¢),
and we assume that the Brownian motions of their associated SDEs are independent. Since LY LY = LV L}V

* law

we know from [1] that Ytl’ = Y and thus

. . .. LY\ law + 1,p(Y2") x! (Y2 .
for any polynomial function f. By Proposition 4, p(Y; ) = X(¢>1)*1(¢1(t))’ where (X ()~ () U = 0) isa
mean-reverting correlation process independent of ¢!(t) = fot #ds. Since (Y;"")1,1 = 1, (Y1 30 )111

(Ys'f Dia
follows a squared Bessel of dimension « + 1 starting from 1. Using the independence, we get by (12)

ELf (O, DY, 61 (0] = FROF) + 61 (1)L f () + @L?ﬂpm“)) +0(¢" (1)*).

By Lemma 31, we have E[¢* ()] = t + 252t% + O(t?), E[¢" (¢)?] = t + O(¢?), E[¢" (¢)?] = O(t®). Thus, we get:

E[f (V" DY) = f(p(V27) + L f(p(YT)) + %L%ﬂp(n“)) + (3~ a) L f (V)] + O(t").
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Once again, we use Proposition 4 and (12) to get similarly that E[f(p(Y;>"))] = f(x)+tLaof (x)+ % [L3f(z)+
(3 — a)Laf(z)] + O(t?) for any polynomial function f. We finally get:

ELf (™" )] = f(2)+ (Lo +La)f () + g[L?f(x)+2L2L1f(w>+L§f(z>+ (8—a)(Lyi+L2) f ()] + O(*).

Similarly, we also have

1,z 2
ELf (00 )] = F(@) 4411+ L) f @)+ S 13 F(2) 4200 Lo f (1) + T3F @)+ (3 ) (L + Lo) f (&)} + O(),
(20)
and since both expectations are equal, we get L1 Laf(z) = LoL; f(x) for any a > max(5,d — 2). However,
we can write L; = (aLP + LM), with

D M
LY = Y apupOpgyy and LY = Y (20 — 20,0 200) 00,0 Ok -
1<j<d 1<j,k<d
J#i j#i,k#i
Thus, we have «?LPLY + o(LP LY + LY LYY + LM LY = o?LYP LY + o(LEP LY + LY LY) + LY LY for any
a > max(5,d — 2). This gives LPLY = LY LY, LDLM + LMLD =LPLM + LYLP, LMLY = LY LM, and
therefore L1Lo = LoL holds without restriction on «. O

Remark 7 — Let x € €4(R), (Y;"",t > 0) ~ WISa(z,a + 1,0,el) and LY its infinitesimal generator.
Equation (20) and the formula E[f(p(Y;""))] = f(z) 4+ tL, f(z) + %[L%f(:z:) + (3 —a)Lif(z)] + O(t3) used
in the proof above lead formally to the following identities for x € €4(R) and f € C*(S4(R),R),

L{"(fop)(2) = Lif(x), (L)’ (fop)(x) = Lif(2) + (3 — a)L1f(x), LV Ly (f o p)(x) = L1 Laf(x),

that can be checked by basic calculations.

The property given by Theorem 6 will help us to prove the weak existence of mean-reverting correlation
processes. It plays also a key role to construct discretization scheme for these diffusions. In fact, it gives a
simple way to sample the law M RCq(z, $a?, 14, a;t). Let z € €4(R). We construct iteratively:

. th’”” ~ MRCy(x, %a%e}l, Ig,arel;t),
. . i1, X0 KT -1, X0 .
e For 2 < i < d, conditionally to X;” " * | X, ~ MRC4(X; " SaZel, Ig,a:el;t) is sam-
pled independently according to the distribution of a mean-reverting correlation process at time ¢ with
1,z

p.e
parameters (§a aZel, I, a;€}) starting from X o

1,2 1,

Proposition 8 — Let Xtd’”'xt be defined as above. Then, Xtd"“Xt ~ MRCy(x, $a?, 14, a;t).

Let us notice that M RC q(z, $aiel, Iy, a;el;t) faw MRCqy(z, §ely, I4,el; a?t) and that M RC4(x, $el, Ia, €lj; t)
and MRC4(x, %efi, 14, eé; t) are the same law up to the permutation of the first and the i-th coordinate. Thus,
it is sufficient to be able to sample this latter law in order to sample MRCd (, %aQ, 14, a;t) by Proposition 8.

Proof :  Let f be a polynomial function and X7 ~ MRCg4(z, 2 242, 14, a; t) By (11), E[f(X])] =

1,2 @

S0 2 (o). Using once co again (1), E[F(X )] = BE[FX )]

J=0 j!
Zj 0 j, [Lilf(Xd b )] and we finally obtain by iterating
xLe > tittia d_ 4 .
Bf(X )= > I L f) =Y (Lt o+ La) f2) = BIF(X])),
Ji ---jdzo‘h!“.j JZOJ'
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since the operators commute. O

We can also extend Proposition 8 to the limit laws. More precisely, let us denote by M RCy(z, k, ¢, a; 00)
the law characterized by (13). We define similarly for z € €4(R), X1% ~ M RC 4(x, %a%e}l, L4, arel;00) and,

o ; xL® o X&T g Xk® ; ; .
conditionally to XiZb-"> | X ~ MRC (Xt~ %afel, Ig,azel; 00) for 2 < i < d. We have:

1,2

XDO

X

o0

NMRCd(x,%QQ,Id,a; 00). (21)

To check this we consider (X;,t > 0) ~ MRCy(xz, $a? I4,a) and m € Sy4(N) such that m;; = 0. By
Proposition 2, E[X{"] is a polynomial function of = that we write E[X{"] =3 /s, ), jm|<|m| Ym.m’ ()™
From the convergence in law (13), we get that the coefficients Y m/ (t) go to a limit v, s (00) when t — +o0,
and E[X™] = Z\m/|g|m\7m,m’(oo)$m,~ Similarly, the moment m of MRCq(x, $aiel, Iz, a;el;t) can be

written as 30, < Yonm (t)z™ . We get from Proposition 8:
d d—
E[X;"] = > TN () L O () B NN () P
[ma| < <Jmal<|m|

which gives (21) by letting ¢ — +o0.

1.5 A link with the multi-allele Wright-Fisher model

Theorem 6 and Proposition 8 have shown that any law M RCq(z, $a*, I4,a;t) can be obtained by compo-
sition with the elementary law M RCq(x, 5, 14, elit). By the next proposition, we can go further and focus
on the case where (2; j)2<i j<d = Li—1-

0 u u
and (%)2<i,j<d = la—1 (Lemma 26 gives a construction of such matrices). Then, for a > 2,

Proposition 9 — Let x € €4(R). Let u € My_1(R) and & € €4(R) such that x = ( L0 > by ( (1) OT )

(67 law 1 0 e 1 0
MRCd(xvgeéJd,egz) = < 0 u )MRCd(% 56571d765)< 0 ol >

Proof :  Let (Xi,t > 0) ~ MRCq4(%,%el I el). We set Xy = ( (1) 2 >Xt< (1) UOT > Clearly,

(o3
2
Xt ii)a<iica = Ii—1 and the matrix ((X;); i)a<i i<q is constant and equal to uu® = (x; i )a<i i<q. We have
1J)2<i,5< - 13)2<4,5< q 13 )2<i,5<

for2 <i<d, (X¢),i= ZZZQ i1 x—1(Xe)1.k By (6), we get (d(X;) 1., d(Xi)10) = [Dpmi— (X¢)1.6(X¢)1.]dL.
Therefore, the quadratic variations

d d
(d(Xe)1,,d( X)) = Zui—l,k—luj—l,k—l - Z wim1 -1 (Xe) 1 ptio10-1(Xe)1y | dt
=2 k=2

= ((Xe)i,j — (Xe)1,i(Xe)1,5) dt,

are by (6) the one of M RCq4(z, Sel, I4,e}). This gives the claim by using the weak uniqueness (Corollary 3).
a

For z € Sy(R) such that (2, ;)a<i j<d = la—1 and 21, = 1, we have det(z) =1 - 3%, 3 ; and therefore

d
z€CR) = Y a7, <1 (22)
=2

10
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The process (X¢)i>0 ~ MRCy(x, §, 14, elhit) is such that ((X;); j)2<i,j<a = la—1. In this case, the only non
constant elements are on the first row (or column). More precisely, ((X¢)1)i=2,....a 1S & vector process on

the unit ball in dimension d — 1 such that

d{(Xe)1,i5 (Xt)1,5) = (Lizj — (Xe)1,6(Xt)1,5)dt.

.....

Fori=1,...,d—1, we set ¢f = (X;)},.;. We have (d¢},d¢]) = 4¢i(Li=; — ¢/)dt and the drift of ¢} is
(1 — (1 +2a)¢})dt . Thus, (¢)1<i<a—1 satisfies Zf;ll ¢} <1 and has the following infinitesimal generator

U

-1
1= (1+420)2)0., +2 Y zi(Lizy — 2)0:,0-,

1 1<4,j<d—1

.
Il

This is a particular case of the multi-allele Wright-Fisher diffusion (see for example Etheridge [7]), where
(S td*l,l — Z?;ll ¢}) describes population ratios along the time. Similar diffusions have also been
considered by Gourieroux and Jasiak [10] in a different context. Roughly speaking, ((X;)1,)2<i<a can be
seen as a square-root, of a multi-allele Wright-Fisher diffusion that is such that its drift coefficient remains
linear.

Also, the identity in law given by Proposition 9 allows us to compute more explicitly the ergodic limit law.
Let x € Q:d(R) such that (xi,j)2§i,j§d =14_1, (Xf)tzo ~ MRCd(:C, %elli,ld, 6111) and (}/tm)tzo ~ WISd(:L', o+
1,0,e}). We know by [1] that ((Y;*)i;)1<i,j<a = la—1 and

d
- law 1.1
(Y)1,)1<i<a = (Z, 0" + Z(xu + VN, 219+ VN, ..., 214+ ViNg),
i—2

where N; ~ N(0,1) are independent standard Gaussian variables and Z;"' = 211 + (o + 2 — d)t +
2f0t V/Zy"'dB, is a Bessel process independent of the Gaussian variables starting from x;;. By a time

. law t
scaling, we have Z7"* "2 t 77/ and thus:

21,2 T1a
law (\/E+N2""’\/E+Nd) (Na,...,Ng)

N .
\/Zfl'l/t + Z?:ﬂi% + Ni)? e zZ7 + Zf:z N?

On the other hand, we know that X} converges in law when ¢t — 400, and Proposition 4 immediately gives,

with the help of Lemma 30 that ((XZ)1:)2<icd = % By simple calculations, we get that

(p(th)l,i)Qgigd

((XZ)1,i)2<i<a has the following density:

Isa, Z?Sl(ﬁ)d— T (2E2=d) (1 - sz) : (23)

=2

In particular, we can check that ((XZ)3 ;)2<i<a follows a Dirichlet law, which is known as the ergodic limit
of multi-allele Wright-Fisher models. Last, let us mention that we can get an explicit but cumbersome
expression of the density of the law M RCq4(z, $a?, I4,a;00) by combining (21), Proposition 9 and (23).

2 Existence and uniqueness results for MRC processes
In this section we show weak and strong existence results for the SDE (2), respectively under assump-
tions (3) and (4). These assumptions are of the same nature as the one known for Wishart processes. To

prove the strong existence and uniqueness, we make assumptions on the coefficients that ensures that X
remains in the set of the invertible correlation matrices where the coefficients are locally Lipschitz. This is

11
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similar to the proof given by Bru [3] for Wishart processes. Then, we prove the weak existence by introducing
a sequence of processes defined on €4(R), which is tight such that any subsequence limit solves the martingale
problem (8). Next, we extend our existence results when the parameters are no longer constant. Last, we
exhibit some change of probability that preserves the global dynamics of our Mean-Reverting Correlation
processes.

2.1 Strong existence and uniqueness

Theorem 10 — Let x € €4(R). We assume that (4) holds. Then, there is a unique strong solution of the
SDE (2) that is such that Vt > 0, X; € €5(R).

Proof : By Lemma 23, we have (y/z — zegx)[n] = /2l —zn(zm)T and 2 — 27 (2™)7 € S17%(R) when
z € C4(R). Forz € S;“*(R) such that = — 2™ (2™)T € S§% (R), we define f(z) € S (R) by (f"(x))n,; =0
for 1 < j <dand (f*(z)" = /2 = x” 2™)T. The function f™ is well defined on an open set of S;(R)

that includes €%(R), and is such that f™(z & —zeljx for x € €(R). Since the square-root of a positive
semi-definite matrix is locally Lipschitz on the positive definite matrix set, we get that the SDE

t d t
X: =$+/ (k(e = X5) + (¢ — X5)k) dS—l—Zan/ (f"(Xs)dWsel + el dW] f"(Xs))
0 — Jo

has a unique strong solution for 0 < t < 7, where
T=inf{t > 0,X; ¢ SJ*(R) or i € {1,...,d}, X;! = X}(X))T ¢ S;* (R)}, inf ) = +oc.
For 1 <i < d, we have (f"(X,)dWse)ii = Limn Y0y f™(Xs)n,j(dWs)jm = 0 and then:
d(Xt)ii = 2r4i(1 — (Xt)ie)dt,

which immediately gives (X;);; = 1 for 0 <t¢ < 7. Thus, X; € €}(R) for 0 <t < 7 and 7 = inf{t > 0, X, &
¢5(R)} by Lemma 23, and the process X is solution of (2) up to time 7. We set Y; = log(det(X}))+ Tr(2x —
a?)t. By Lemma 28, we have

Y, = Yo—i-/Tr mc—i—cm—da d8—|—2/ \/Tra2 _Id)]dﬁs

Y

Yo + 2 / VTl (X7 — 1))dB,,

since K¢+ ck —da? € SF (R) by Assumption (4). Now, we use the McKean argument exactly like Bru [3] did

for Wishart processes: on {7 < oo}, ¥} %% and the local martingale fot \/Tr[a2 (X' — 1,)]dBs 00,
—T —T

which is almost surely not possible. We deduce that 7 = +o0, a.s. O

2.2 Weak existence and uniqueness

The weak uniqueness has already been obtained in Proposition 2, and we provide in this section a
constructive proof of a weak solution to the SDE (2). In the case d = 2, this result is already well-known.
In fact, by Proposition 1, the associated martingale problem is the one of a one-dimensional Wright-Fisher
process. For this SDE, strong (and therefore weak) existence and uniqueness holds since the diffusion
coefficient is 1/2-Hélderian.

Thus, we can assume without loss of generality that d > 3. The first step is to focus on the existence
when a = diag(ay,...,aq) € S;(]R), a>d—2, k= %a* and ¢ = I;. By Proposition 4, we know that weak

12
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existence holds for MRC4(x, e, Ia, €}y), and thus for MRC4(x, $afel), I, azel) for i =1,...,d and a; > 0,
by using a permutation of the coordinates and a linear time-scaling. Therefore, by using Proposition 8, the
distribution M RCy(z, $a?,I4,a;t) is also well-defined on €4(R) for any ¢ > 0. Let 7' > 0 be a time-horizon,

N e N*, and tN = iT/N. We define (XN ¢ € [0,T]) as follows.
o We set Xév =z

e Fori=0,...,N—1, X’ZXL is sampled according to the law MRCd(XN 2a2,14,a;T/N), conditionally

tNo 2
toXt]}’V.
N 4N oN _ =tV oN | ta—toN _ oN | t=tN OoN N
o Forte [t el X = o XN + S XN = X%+ F (X - X,

The process (XN, ¢ € [0, 7)) is continuous and such that almost surely, V¢ € [0,7], X € €4(R). We endow

d 4

1/4 N
the set of matrices with the norm ||z| = (Zij:l x”) . The sequence of processes (X,t € [0,T])n>1

satisfies the following Kolmogorov tightness criterion.

Lemma 11 — Under the assumptions above, there is a constant K > 0 such that:

VO<s<t<T, B[ X} - XN|'| < K(t—s)>. (24)

Proof :  We first consider the case s = tév and t = th for some 0 < k <[ < N. Then, by Proposition 8§,
we know that conditionally on X t]}(,, X t]}(, follows the law of M RCy4(X t]}(,, %aQ,Id,a). In particular, each
k l k

element (X ZLX, )i,; follows the marginal law of a one-dimensional Wright-Fisher process with parameters given

by equation (9). Thus, by Proposition 29 there is a constant still denoted by K > 0 such that for any
1<4,j <d, E[(XX)ij — (XN)ij)"] < K@# —t)?, and therefore
l k
E[ XN — XX < K1) —t7)?.
k

Let us consider now 0 < s < ¢t < T. If there exists 0 < k < N — 1, such that s,t € [tg,té\g_l], then

A . 4 A A
E[|| XN — XN|4] = (S’t) E[| XX — XNXNI|'] < Kd*(s — t)*. Otherwise, there are k < I such that
k+1 k

TIN
tN—T/N <s <t <tV <t <tN+T/N,and E[|| XN — XN|*] < Ka?[(t) — )2+ (t —tV)2+ (Y —tN)?] <
K'(t — s)? for some constant K’ > 0. O

The sequence (ng ,t €[0,T])N>1 is tight, and we will show that any limit of subsequence solves the the
martingale problem (8). More precisely, we will show that for any n e N*, 0 <t; <--- <, <t <s<T,
91,5 9n € C(Sa(R),R), f € C*(S4(R),R) we have:

lim El_ﬂgi(ffif) (f(X£V>f<X§V) / Lf(XiV)duﬂ =0. (25)

N—+o00 s

We set kN (s) and [™V(¢) the indices such that tkNN(s) —T/N < s < tkNN(s) and tl]\{,(t) <t< tl]\{,(t) + T/N.
Clearly, f is Lipschitz and Lf is bounded on €4(R). It is therefore sufficient to show that

n t]\]]\, "
lim E (XN RNy = fXN —/”L Ndu || =o. 2
i Eg( 2 | P&y - TN ) e FXdu (26)

13
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We decompose the expectation as the sum of

N ()—1

ng XN/ (LFEN ) LAXY)du | +E | T] o) Z FEXX) *f(AéV”’%Lf(XtJéVV)

tkN(S) lN( ) i=1 =kN (s)
(27)
To get that the first expectation goes to 0, we claim that:
N oy >N N >N
E / 180, X2 = Bt 0, X, ldu| >0 (28)
t w

N
kN (s)

when 8 : (t,z) € [0,T] X €4(R) — R is continuous. This formulation will be reused later on. By Lemma 11,
(28) holds when 8 is Lipschitz with respect to (t,z). If 8 is not Lipschitz, we can still approximate it
uniformly on the compact set [0,7] x €4(R) by using for example the Stone-Weierstrass theorem, which
gives (28).

On the other hand, we know by (12) that the second expectation goes to 0. To be precise, (1 ) has been
obtained by using It6’s formula while we do not know yet at thls stage that the process M RCy(x, § 262, 14,a)
exists. It is nevertheless true: (12) holds for M RCy(z, SaZel;, 14, €}) since this process is already known to

be well defined, and we get by using Proposition 8 and Proposition 18 that 3K > 0, |f(XtJ}7V ) — f(XtJYV) —
it i
(T/N)Lf(XtJ}(,)| < K/N?%. Thus, (X),t € [0,T])n>1 converges in law to a solution of the martingale

problem (8). "This concludes the existence of MRCqy(z,5a? 14, a).
Now, we are in position to show the existence of MRCd(x, K, ¢,a) under Assumption (3). We denote by
&(t, x) the solution to the linear ODE:

d—2

(tyz) =r(c—z)+ (c—x)Kk — [0*(Ig — x) + (Ig — x)a?], £(0,2) = = € €4(R). (29)

By Lemma 22, we know that Vt > 0,£'(¢t,z) € €4(R). It is also easy to check that:
JK > 0,Vx € €4(R), [|&(t,x) — x| < Kt.
Now, we define (X, ¢ € [0,T]) as follows.
o Weset XV =z € ¢4(R).
e Fori=0,...,N—1, XtN is sampled according to M RC4(£(T/N, X , %2242 14,a;T/N), condition-

i+1
ally to th}(, More precisely, we denote by (X}¥,t € [tV tﬁl]) a solutlon to

XN = /N XN) +—/ 2(Ig— XN)+ (Ia — X)a?] du

d
+3 an / i <\/ng — XDy XN AW, + ejdWT /XY - Xgegw) ,
— #
and we set Xt]}(, = Xt]}(, )

i+1 i+1

o For ¢t e [tN,tN ], XN = XtN + T/N (XZYV Xt]\z(l)

We proceed similarly and show that the Kolmogorov criterion (24) holds for (XN, t € [0, T])y>1. As already

14
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shown in Lemma 11, it is sufficient to check that this criterion holds for s = tév <t= t{v . We have

1% - X3t = ||ZX §(T/N, ) + €T /N, X5 — XX )"

IN

— 4
- - KT
2 (15, - X1+ a- 0y (%)
=k

Since (X}¥,t € [0,T]) is valued in the compact set €4(R), we get easily by using Burkholder-Davis-Gundy
inequality that E[| 32/~ XN - X NH ] < K(t; — t)? and then E[||ng — X;ZV||4] < K(t; — ty)? for some
constant K > 0 that does not depend on N.

Thus, (Xt]V ,t € [0, T])n>1 satisfies the Kolmogorov criterion and is tight. It remains to show that any
subsequence converges in law to the solution of the martingale problem (8). We proceed as before and reuse
the same notations. From (27), it is sufficient to show that

3K > 0,1 (X},) — F(X) — (T/N)LF(X)| < K/N?,

Once again, we cannot directly use (12) since we do not know at this stage that M RCy(z, Kk, c,a) exists.
We have L Lf + L, where L¢ is the operator associated to & (t,x) and L is the infinitesimal generator of
MRCd( 9262, I4,a). We have: IK > 0,Vz € €4(R), |f(£(t, ) — f(z) — tLE f(z)] < Kt2, and (12) holds
for L. By Prop081t1on 18, we get: IK > 0,Vz € €4(R), |f(&(t,x)) — f(x) — tf(z)] < Kt2, which gives (25)
and concludes the proof of the weak existence.

Theorem 12 — Under assumption (3), there is a unique weak solution (X¢,t > 0) to SDE (2) such that
P(Vt > 0, X; € €4(R)) = 1.

Remark 13 — Assumption (3) has only be used in the proof of Theorem 12 to ensure that £ defined by (29)
satisfies
YVt > 0,2 € €4(R), (¢, z) € €4(R). (30)

As pointed by Remark 21, this is a sufficient but not necessary condition. In fact, a weak solution of (2)
exists under (30), which is more general but less tractable condition than (3).

2.3 Extension to non-constant coefficients

In this paragraph, we consider the SDE (2) with time and space dependent coefficients:

Xy = er/O [K(s, Xs)(e(s, Xs) — Xs) + (c(s, Xs) — Xs)k(s, Xs)] ds (31)

d t
+ Z an(s,Xs)/ (\/Xs — Xsel X,dWey + endWl\ /X, — Xseng) ,
n=1 0
where k(t, ), ¢(t,x) and a(t, x) are measurable functions such that for any ¢ > 0 and = € €;(R), (¢, z) and

a(t,x) are nonnegative diagonal matrices and ¢(t,z) € €4(R). Then, under the following assumption

VT >0, sup |k(t, Iq)| < o0, YVt € [0,T],3K >0, f(t,x) — f(t,9)]| < K|z —y| for f € {k,c,a},
tel0,T

Vi >0,z € Qfd(R), K(t, x)e(t,z) + c(t, )k(t,x) — da®(t,z) € ST (R) and X, € €3(R), (32)

15
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strong existence and uniqueness holds for (31). To get this result, we observe that p(x) is Lipschitz on
{xeST(R)s.t.V1<i<d1/2<umz, < 2} Therefore, the SDE X, = z + [; (r(s, p(Xs))[c(s, P(Xs)) — X,]
+le(s, P(XS)) = XoJn(s, (X)) ds + Xy fy an(s, P(XL)) (f"(X,)dWiel + efdW ] f7(X,)) has a unique
solution up to time 7 = inf{t > 0, X; ¢ S7*(R) or Ji € {1,...,d}, X;'! — X}(X))T ¢ S7* (R) or (X1)ii &
[1/2,2]}, and we proceed then exactly as for the proof of Theorem 10.

Also, weak existence holds for (31) if we assume that:

k(t, ), c(t, z),a(t, ) are continuous on Ry x €4(R)
Vt > 0,2 € €4(R), k(t,x)c(t,z) + c(t, 2)k(t,x) — (d — 2)a’(t,z) € S] (R). (33)
To get this result, we proceed as in Section 2.2 and define (XN, ¢ € [0,T]) as follows.
o We set Xév =z

e Fori=0,...,N — 1, we denote by (X}¥,t € [t],t],]) a solution to

t
XN = [ R el ) — ) + (e K — X X)) d

d t
+3an(t) XN) / i <\/X£’ — XNy XN AW, el + W] /XN ngegxgy) ,
ti

and we set Xt])fv = Xt])fv .
i1 i+1

o Forte [tN,tN,], XN = XtN + T/N (Xt]}[V - XN).

We can check that (XN, ¢ € [0, T]) satisfies the Kolmogorov criterion and is tight. To obtain (25), we proceed
as in Section 2.2. More precisely, let us denote for u € [0,T] L, the infinitesimal generator of (31), and L,

the infinitesimal generator with frozen coefficient at (t;, X ) when w e [tY,£} ). In (27), the first term

N
E {HZ Lai(X) I x O(Lo f(XN ) = Luf(X))du| — 0 thanks to (28), and the second term goes to 0 as

kN (5) N (w)
before.

To sum up, it is rather easy to extend our results of strong existence and uniqueness, and weak existence
when the coefficients are not constant. However, we can no longer get explicit formulas for the moments in
this case. Thus, if the coefficients satisfy (33) but not (32), the weak uniqueness remains an open question,
which is beyond the scope of this paper.

2.4 A Girsanov Theorem

In this section, we will use an alternative writing of the SDE (2). In fact, by Lemma (27), the SDE

X, z+/0t (k(c— Xs) + (¢ — derZan/ s)dWsel + e dW Tl hy(X)T), (34)

is associated to the same martingale problem as M RCy(x, K, ¢, a) for any functions h, : Sg(R) — M4(R)
such that hy,(z)h, (:I:)T = x — zeljx for z € €4(R). In this paper, we have arbitrarily decided to take the
symmetric version A, ( v/ — xzeljxz. Obviously, other choices are possible. An interesting choice is the
following one:

x € S (R), hn(2) = Vay/ Lo — Vaejva = Va(ly — VregVa), (35)

where the second equality comes from Lemma 24. Obviously, our weak existence and uniqueness results (The-
orem 12) applies to (34) since (2) and (34) solve the same martingale problem. However, we have to show
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again that strong uniqueness holds for (34) under Assumption (4) and z € €5(R). The proof is in fact very
similar to Theorem 10. We know that there is one strong solution to X; =z + fot (k(c— Xs) + (¢ — Xs)k) ds

JrZi:l an, fot (VXs(Ig — VXseiVXs)dWseh + el (1a — VXei/Xo)VXdWDE) up to time 7 = inf{t >

0,X; ¢ ST(R)}. On t € [0,7), there are real Brownian motions { such that
d(Xe)ii = 26i(1 — (X¢)i)dt + 2a;(1 — (X¢)ii)y/ (Xe)iadBt,
which gives (X;);; = 1 by strong uniqueness of this SDE. We then conclude as in the proof of Theorem 10

and get in particular that X; € €4(R) for t > 0.
We consider now a solution to (34), and a progressively measurable process (Hg)s>0, valued in Mg(R),

such that t 1 /[t
EF = exp < / Tr(HIaw,) — 3 / Tr(HSTHS)ds) (36)
0 0
is a martingale. For a given time horizon T' > 0, we denote by Q the probability measure, if it exists, defined
as
dQ H
- =& 37
Pl T (37)

where (Fi)¢>0 is the natural filtration of the process (X;)¢>0. Then, Wé@ =W;— fot H,ds is a d x d Brownian
matrix under Q, and the process (X¢)i>0 satisfies

Xy = z+/0t(n(ch)+(ch)n)ds (38)
(S (Ve VR [ VR ] V) )

+ z:l: ai /Ot (\/)T [Id - \/Zeg\/Z} AW, + e d(W Q)T {Id - \/Zeé\/)TS} \/)T) .

We present now changes of probability such that (X, ¢ > 0) is also a mean-reverting correlation process
under Q.

Proposition 14 — We assume (3). We consider (X¢,t > 0) ~ MRCy(x,k,c,a) and take Hy = /XA,
with A = diag(A1, ..., q) € Sa(R). Then, (36) is a martingale and (X¢,t > 0) ~ MRCy(z, K, c,a) under Q.

Proof : Since the process (X¢,t > 0) is bounded, (36) is clearly a martingale. For y € €4(R), eltyel, = el
and we have (\/y(Ia — \/Uel\/1)) JINel, = Xi(y — yely)e, = 0, which gives the result by (38). O

Proposition 15 — Let z € €;(R). We consider (Xi,t > 0) ~ MRCy(z, k', c',a) and assume that k', c*,a
satisfy (4). Let ¢® € €4(R) and k? be a real diagonal matriz such that a; =0 = r? =0 and k'c* + 'k +
k2 + K% — da® € S (R). We set:

k2 /a; if a; >0
0 otherwise

X = diag(\1, ..., \a) with \; = { and Hy = (/X)) '®A

This defines with (36) and (37) a change of probability such that
(X¢,t > 0) ~ MRCy(z, k, c,a) under Q,

where k = diag(k1,...,kq) € Sy (R) and ¢ € €4(R) are defined as in Lemma 22.
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Proof : We have a}\/y(Is — Y9G 2Aely = k2 (el — yelc?el) = k2(c? —y)ey, which gives the claim
by (38), provided that E[€H] =1 for any T > 0. We prove now this martingale property with an argument
already used in Rydberg [18] and Cheridito, Filipovic, and Yor ([21], Theorem 2.4).

Let (X;,t > 0) (resp. (X¢,t > 0)) be a strong solution to (34) with parameters x*, ¢!, a (resp. &, ¢, a)

and Brownian motion (Wy,t > 0). For € > 0, we define:
7° = inf{t > 0,det(X;) < e}, Hf = Lesi (v Xi) 71N
We have lim,_,g+ 7° = 400, a.s. and therefore

E[£7] = lim B[E7 1 ex7].

On the other hand, we have E[EH1,.57] = E[EH 1,-57]. We clearly have E[E¥] = 1 and W} =

W, — fot Htds is a Brownian motion under % = ", Let (X£,t € [0,7)) be the strong solution to (34)

with the Brownian motion W and parameters &, ¢, a. By construction, X; = X; for 0 <t < T A 7°

and thus 1,e>7 = Lrest, where 7° = inf{t > 0,det(X;) < ¢}. We deduce that IE[EQ@E Lresp] = Q5(7° >

T) = P(inf{t > 0,det(X;) <&} >T) 2, 1, since ke+ck—da® = klel +cl vl + k22 +?K% —da® € 8§ (R). O
g

Let us assume now that a; > 0 for any 1 < i < d. A consequence of Proposition 15 is that the probability
measures induced by M RCy(x, k,c,a) and MRC4(x,x’, ', a) are equivalent as soon as (4) holds for «, ¢, a
and «/,c’,a. By transitivity, it is in fact sufficient to check this for ' = %aQ and ¢ = I;. By Lemma 22,
there is a diagonal nonnegative matrix & and & € €4(R) such that #¢ + ¢& = kc + ck — da®. We get then the
probability equivalence by using twice Proposition 15 with x! = %aQ, =14 k2 =k, c® =¢and k! =&,

cl=c, k2=—-Fk,?=¢

3 Second order discretization schemes for MRC processes

In the previous sections, we focused on the existence of Mean-Reverting Correlation processes (2) and
some of their mathematical properties. From a practical perspective, it is also very important to be able
to sample such processes. By sampling, we mean here that we have an algorithm to generate the process
on a given time-grid. Through this section, we will consider for sake of simplicity a regular time grid
tN =iT/N, i =0,...,N for a given time horizon T' > 0. Despite our investigations, the sampling of the
exact distribution does not seem trivial, and we will focus on discretization schemes. Anyway, discretization
schemes are in practice equally or more efficient than exact sampling, at least in the case of square-root
diffusions such as Cox-Ingersoll-Ross process and Wishart process (see respectively [2] and [1]). First, let us
say that usual schemes such as Euler-Maruyama fail to be defined for (2) as well as for other square-root
diffusions. Indeed, this scheme is given by

- - - - T
XN = XgVJr(n(cfng)Jr(cfng)n)N (39)

i+l

d
+3 an (\/ng — XN BN (W | = Wyn el + ei(Woy | — W )T\ [ XX — XN en XX ).
n=1

Thus, even if )A(tj}[v € €4(R), )A(tj}[v can no longer be in €4(R) and the matrix square-root can no longer be
i i+l

defined at the next time-step. It is possible to consider the following modification of the Euler scheme:

XX =p((X )7, (40)

i1 it+1
where XZX, denotes the right hand side of (39). Here, 7 € SJ (R) is defined by 2™ = odiag(\f,..., A )o

i+1
for z € S4(R) such that = odiag(\, ..., A} )o where o is an orthogonal matrix. Let us check that this
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scheme is well defined if we start from X t]}’V € €4(R). By Lemma 23, the square-roots are well defined, we
0

have (Xtiv)” =1 and thus (Xtﬁl):i > 1 and p((f(t{v)*) is well defined. By induction, this modified Euler
scheme is always defined and takes values in the set of correlation matrices. However, as we will see in the
numerical experiments, it is time-consuming and converges rather slowly.

In this section, we present discretization schemes that are obtained by composition, thanks to a splitting
of the infinitesimal generator. This technique has already been used for square-root type diffusions such as
the Cox-Ingersoll-Ross model [2] and Wishart processes [1], leading to accurate schemes. The strength of
this approach is that we can, by an ad-hoc splitting of the operator, decompose the sampling of the whole
diffusion into pieces that are more tractable and that we can simulate by preserving the domain (here, the
set of correlation matrices). Besides, it is really easy to analyze the weak error of these schemes.

3.1 Some results on the weak error of discretization schemes

We present now the main results on the splitting technique that can be found in [2] and [1] for the
framework of Affine diffusions. Here, we have in addition further simplifications that comes from the fact
that the domain that we consider D C RS is compact (typically €4(R) or D = {z € R4, 9" 42} in
Appendix D). For v € NS, we set d,f = 6%1 . ..8,%( and |y| = Zle ~i. We denote by C*°(D) the set of
infinitely differentiable functions on I and say that that (C),enc is a good sequence for f € C(D) if we
have maxgep |0, f(z)| < C. A differential operator Lf(z) = > o |, <o ay(2)0- f(x) satisfies the required
assumption if we have a, € C®(D) for any . This property if of course satisfied by the infinitesimal
generator (7) of MRCy(z, k, c,a) since the functions a., are either affine or polynomial functions of second
degree. Since we are considering Markovian processes on D, we will by a slight abuse of notation represent a
discretization scheme by a probability measure p,(t)(dz) on D that describes the law of the scheme starting
from z € D with a time step ¢ > 0. Also, we denote by Xf a random variable that follows this law. Then,
the discretization scheme on the full time grid (t,i =0,..., N) will be obtained by:

oXtJ}U[V::cED,

e conditionally to X t]}fv, X tj}fv is sampled according to the probability law p ¢ N (T/N)(dz), and we write
3 i4+1 th
. XN
with a slight abuse of notation X\, = Xr/n-
i4+1

A discretization scheme th is said to be a potential v-th order scheme for the operator L if for a sequence

(C)yenc € (R+)N<, there are constants C,n > 0 such that for any function f € C*°(D) that admits (C),en¢
as a good sequence, we have:

vt e (0,n),z eD |E[f(X?)] - < Ot (41)

Fla) + 30 A f()
k=1"

This is the main assumption that a discretization scheme should satisfy to get a weak error of order v. This
is precised by the following theorem given in [2] that relies on the idea developed by Talay and Tubaro [20]
for the Euler-Maruyama scheme.

Theorem 16 — Let L be an operator satisfying the required assumptions on a compact domain D. We
assume that:

1. th is a potential weak vth-order scheme for L,

2. f:D — R is a function such that u(t,z) = E[f(X7_,)] is defined and C*™ on [0,T] x D, and solves
vt € [0,T],Vx € D, Opu(t, x) = — Lu(t, x).

Then, there is K >0, Ny € N, such that |E[f(XtJYV)] —E[f(X3)]| < K/N¥ for N > Ny.
N
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The mathematical analysis of the Cauchy problem for Mean-Reverting Correlation processes is beyond
the scope of this paper. This issue has recently been addressed for the case of one-dimensional Wright-Fisher
processes by Epstein and Mazzeo [6], and Chen and Stroock [4] for the absorbing boundary case. In this
setting, Epstein and Mazzeo have shown that wu(t, z) is smooth for f € C>([0,1]). However, since we have
an explicit formula for the moments (10), we obtain easily that for any polynomial function f, the second
point of Theorem 16 is satisfied. By the Stone-Weierstrass theorem, we can approximate for the supremum
norm any continuous function by a polynomial function and get the following interesting corollary.

Corollary 17 —Let Xf be potential weak vth-order scheme for MRCy(x,k,c,a). Let f be a continuous
function on €4(R). Then,

%>0ﬂK>OJMﬂX%ﬂ—HﬂX@H§5+KMW

Let us now focus on the first assumption of Theorem 16. The property of being a potential weak order
scheme is easy to handle by using scheme composition. This technique is well known in the literature and
dates back to Strang [19] the field of ODEs. In our framework, we recall results that are stated in [2].

Proposition 18 — Let Ly, Ly be the generators of SDEs defined on D that satisfies the required assumption
on D. Let th’m and Xf’z denote respectively two potential weak vth-order schemes on D for L and L.

~ vl,x
1. The scheme XtQ’Xt is a potential weak first order discretization scheme for Ly + Ly. Besides, if
L1Lo = LoLy, this is a potential weak vth-order scheme for Ly + Lo.

2. Let B be an independent Bernoulli variable of parameter 1/2. If v > 2,

1,X2%
t

(@) BX2" 1 (1-B)X and (b)) X250

are potential weak second order schemes for L1 + Lo.

o1l,x

£ 2,X R .
Here, the composition X" " means that we first use the scheme 1 with time step ¢; and then, conditionally
to thl’m, we sample the scheme 2 with initial value thl’m and time step ts.

3.2 A second-order scheme for MRC processes

First, we split the infinitesimal generator of M RCy(z, k, ¢, a) as the sum
L=1L%+1,

where L is the infinitesimal generator of MRC4(z, 92242 I4,a) and L is the operator associated to &(t, )

given by (29). Obviously, the ODE (29) can be solved explicitly and we have to focus on the sampling of
MRC y(z, %aQ, I4,a). We use now Theorem 6 and consider the splitting

d
INJ = Z a?ii,
i=1

where L; is the infinitesimal generator of M RC4(x, %eg, I4,€}). We claim now that it is sufficient to have
a potential second order scheme for M RC4(x, %e}l, 14, e}l) in order to get a potential second order scheme

for MRCy(z, k,c,a). Indeed, if we have such a scheme, we also get by a permutation of the coordinates a
-2 1

potential second order scheme X;* for M RC4(z, 4=2¢i I;,€%). Then, by time-scaling, X;zﬁ is a potential
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second order scheme for M RC4(z, 52a2el), 14, a;e}). Thanks to the commutativity, we get by Proposition 18

ol,x

~ a?t ~
that ij"t” " is a potential second order scheme for L. Last, still by using Proposition 18 we obtain that
d

x1E(H/2.0)

&(t/2, ngt o ) is a potential second order scheme for M RCy(z, k, ¢, a). (42)
Now, we focus on getting a second order scheme for M RC4(x, %e}i, Iq,e}). It is possible to construct
such a scheme by using an ad-hoc splitting of the infinitesimal generator. This is made in Appendix D. Here,
we achieve this task by using the connection between Wishart and MRC process and the existing scheme
for Wishart processes. In Ahdida and Alfonsi [1], we have obtained a potential second order scheme Ytl’m
for WISy(x,d — 1,0, 6(11)- Besides, this scheme is constructed with discrete random variables, and we can
check that there is a constant K > 0 such that for any 1 <1 < d, |(}A/tlm)“ — 1| € K/t holds almost surely
(we even have (Y;"");; = 1 for 2 < i < d). Therefore, we have 1/2 < (Y;"*);; < 3/2 for t < 1/(4K?). Let
[ € C®(€4(R)). Then f(p(y)) is C>° with bounded derivatives on {y € SJ (R),1/2 < y;; < 3/2}. Since
}A/tl’m is a potential second order scheme, it comes that there are constants C,n > 0 that only depend on a
good sequence of f such that

2

vt € (0,7), ‘E[f(p(f’tl’z))] — f@) —tEY (f o p)(z) — S (EW)2(f o p)(x)

5 <Ot (43)

where E}/V is the generator of WISy(x,d — 1,0, 6(11)- Thanks to Remark 7, we get that there are constants
C,n depending only on a good sequence of f such that

vt € (0,7), ‘E[f(p(?tl’m))] — f@) - (t +(5- d)%) Lif(x) - 5 (Lo)*f(2)| < COF. (44)

In particular, p(Ytl’z) is a potential first order scheme for L; and even a second order scheme when d = 5.
We can improve this by taking a simple time-change. We set:

—14+/142(5—d)t

@ {t(5d)§ifdz5
5—d

otherwise,

so that in both cases, ¢(t) =t—(5— d)% +O(t?). Then, we have that there are constants C,  still depending
i - -
Elf(p(V,)] = f(@) = tEuf () = 5 (L2 ()] < CF,

only on a good sequence of f such that Vt € (0,n),
and therefore

. d—2
p(Y(;(f)) is a potential second order scheme for M RCy(z, Te‘li’ I,e)). (45)

3.3 A faster second-order scheme for MRC processes under Assumption (46)

We would like to discuss on the time complexity of the scheme given by (42) and (45) with respect to the
dimension d. The second order scheme given in Ahdida and Alfonsi [1] for W1Sg(z,d—1,0, e}) requires O(d®)
operations. Since it is used d times in (42) to generate a sample, the overall complexity is in O(d*). In the
same manner, the second order given in Appendix D requires O(d*) operations. However, it is possible to
get a faster second order scheme with complexity O(d?) if we make the following assumption:

ar = =ay (i.e. a=ayly) and kc+ ck — (d — 1)a® € SJ (R). (46)
This latter assumption is stronger than (3) but weaker than (4), which respectively ensures weak and strong
solutions to the SDE. Under (46), we can check by Lemma 22 that

d—1

(T~ @)+ (I - 2)a?], ((0.2) = € CuR)  (47)

¢'(tz)=r(c—2)+ (c — )k —
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takes values in €4(R). Then, we split the infinitesimal generator of M RCy(zx, k, ¢, a) as the sum
L=L%+dlL,

where L¢ is the operator associated to the ODE ¢, and L is the infinitesimal generator of M RCy(x, %Id, I, 14).

In [1], it is given a second order scheme Y;* for WIS4(z,d,0, ;) that has a time-complexity in O(d®). We

then consider f € C*(€4(R)) and get by using the same arguments as before that there are constants

C,n > 0 depending only on a good sequence of f such that

R t2

vt € (0,7), ‘E[f(p(Yf))] — f(@) —tLY (fop)(2) — 5 (L™)*(f o p)(2)| < CF,

where LW is the infinitesimal generator of W1S4(z,d,0, I;). Thanks to Remark 7, we get that

e 0.0 BRI - 10 - (14 - 0 ) L7 - GI2f)| <

In particular, p(}A/tI) is a first order scheme for M RC4(x, %Id, I4,1;) and by Proposition 18,
¢(t, p(}}a”%t)) is a potential first order scheme for M RCy(z, &, ¢, a). (48)

As before, we can improve this by using the following time-change: ¥(t) = ¢t — (4 — d)% if d > 4 and

P(t) = w otherwise, so that ¥/(t) =¢— (4 — d)% + O(t3) in both cases. We get that p(}}J(t)) is
a potential second order scheme for M RC4(z, %Id, I4,1;). Then, we obtain that
¢(t/2, p(Yai(g’(%Q))) is a potential second order scheme for M RCy(x, K, ¢, a) (49)
1
by using Proposition 18. Its time complexity is in O(d?).

3.4 Numerical experiments on the discretization schemes

In this part, we discuss briefly the time needed by the different schemes presented in the paper. We
also illustrate the weak convergence of the schemes to check that it is in accordance with Corollary 17. In
Table 1, we have indicated the time required to sample 10® scenarios for different time-grids in dimension
d = 3 and d = 10. These times have been obtained with a 2.50 GHz CPU computer. As expected, the
modified Euler scheme given by (40) is the most time consuming. This is mainly due to the computation
of the matrix square-roots that require several diagonalizations. Between the second order schemes that are
defined for any parameters satisfying (3), the second order scheme given by (42) and (45) is rather faster
than the “direct” one presented in Appendix D. However, it has a larger bias on our example in Figure (1),
and their overall efficiency is similar. Nonetheless, both are as expected overtaken by the fast second order
scheme (49). Let us recall that it is only defined under Assumption (46) which is satisfied by our set of
parameters. Also, the fast first order scheme given by (48) requires roughly the same computation time.

Let us switch now to Figure 1 that illustrates the weak convergence of the different schemes. To be more
precise, we have plotted the following combinations the moments of order 3 and 1 (i.e. respectively

E| Y [(EMuEE] + B (X)2s(X)1s | | (50)
1<i#j<3
1<k#£1<3

and E [Zgi;ejgd()z%v)m}) in function of the time-step T/N. These expectations can be calculated exactly

for the MRC process thanks to Proposition 2, and the exact value is reported in both graphics. As expected,
we observe a quadratic convergence for the second order schemes, and a linear convergence for the first
order scheme. In particular, this demonstrates numerically the gain that we get by considering the simple
change of time 1 between the schemes (48) and (49). Last, the modified Euler scheme shows a roughly linear
convergence. It has however a much larger bias and is clearly not competitive.
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d=3|d=10
274 order “fast” 19 224
274 order 65 1677
2" order “direct” 90 3105
1%t order “fast” 19 224
Corrected Euler 400 14322

Table 1: Computation time in seconds to generate 10% paths up to T'= 1 with N = 10 time-steps of the
following M RC' process: k = 1.251g, c = Iq, a = I4, and x; ; = 0.7 for ¢ # j.

0.14

Exact yalue

f | . 2hd “direct”
L i 1
2nd “f4st” 0134 2nd “direct”
0264 1 — I | — ! : Exact value
1 1st“fast”

2nd “fast”
0.124

___1st “fast”

0.119

0.10

Euler

07T 7 T T T T T T T T T T 1 0.09 T T T } T T T T T T
0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10

Figure 1: d = 3, same parameters as for Table 1. In the left (resp. right) side is plotted (50) (resp.

E Zlgi;ﬁjgd(XT]y)iJ ) in function of the time step 1/N. The width of each point represents the 95%

confidence interval (107 scenarios for the modified Euler scheme and 108 for the others).
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A Some results on correlation matrices

A.1 Linear ODEs on correlation matrices
Let b € S4(R) and k € M4(R). In this section, we consider the following linear ODE
2'(t) = b — (kx(t) + z(t)rD), 2(0) =z € €4(R), (51)
and we are interested in necessary and sufficient conditions on x and b such that
Vo € €4(R),Vt > 0,2(t) € €4(R). (52)

Let us first look at necessary conditions. We have for 1 < i,j5 < d:
d
25 (8) = big = > Rikwn(t) + zik (DR k-
k=1
In particular, we necessarily have z; ;(t) = 0. This gives for t = 0, [ # i and z(0) = I4 + p(efi’l + eff) that
bii — 2k — 2pKi; = 0 for any p € [—1, 1]. It comes out that:
Ril = 0ifl 7é i, bi,i == 2[%11‘.

Thus, the matrix « is diagonal and we denote x; = x; ;. We get z] ;(t) = b; j — (ki + kj)x; ;(t) for i # j. If
ki + kj = 0, we have x; ;(t) = x; ; + b; ;t, which implies that b; ; = 0. Otherwise, x; + k; # 0 and we get:

bi
w5 (t) = @i j exp (— (ki + Kj)t) + mTJnJ [1 —exp (—(k; + K;)t)] .

Once again, this implies that k;+#; > 0 since the initial value z € €4(R) is arbitrary. We set for 1 <4, j < d,

bij -
L if g, + Kk >0
ciiy=1, and for i # j, ¢; ; = "itr ! (53)
0if k; + k5 = 0.

We have b = ke + ¢k and for © = I, ¢ = limy—, o0 2(t) € €4(R), and deduce the following result.

Proposition 19 — Let b € S4(R) and k € My(R). If the linear ODE (51) satisfies (52), then we have
necessarily:

dec € €4(R), 3k, ..., ka € R, Vi # j, ki + k; > 0,k = diag(k,...,Kkq) and b= Kc+ ck. (54)

Conversely, let us assume that (54) holds and b € SF (R). We get that x; = b;;/2 > 0 and for ¢t > 0,

exp(kt)x(t) exp(kt) = = + fot exp(ks)bexp(ks)ds is clearly positive semidefinite. Therefore, (52) holds. We
get the following result.

Proposition 20 — Let k1,...,kq4 > 0, k = diag(k1,...,kq) and ¢ € €4(R). If ke +ck € S (R) or d =2,
the ODFE
2 () = k(c—x)+ (c—x)K, 2(0) =2 € €4(R) (55)

satisfies (52).

Let us note here that the parametrization of the ODE (55) is redundant when d = 2, and we can assume
without loss of generality that k1 = ko for which kc 4+ ck € 8; (R) is clearly satisfied.
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Remark 21 — The condition given by Proposition 19 is necessary but not sufficient, and the condition
giwen by Proposition 20 is sufficient but not necessary. Let d = 3 and ¢ = Is. We can check that for

k= (1,1,-1), (54) holds but (52) is not true. Also, we can check that for k= (1,1,—1), (52) holds.

Lemma 22 — Let k', k% be diagonal matrices and c*, c* € €4(R) such that k'c'+c' k'l +r2c*+ck% € ST (R).
Then, the ODE

o =rMc —2) + (ch =2t + KA (P —x) + (- x)K?

satisfies (52). Besides, x' = k(c — x) + (¢ — z)k with k = k* + k* € 8§ (R) and ¢ € €4(R) defined by:

ri4+rDel 4+ (k2+Kr2)e2 .
. . (1 ])'L,Jv (vl ])’hJ Zf”i+’1j>0
cii =1, and for i # j, ¢; ;= rE
0 if ks + k; = 0.

Proof :  Since b = k'c! + c'k! + k2 + ?k? € S§(R), (52) holds for 2’ = b — kz + k. Then, we know
by (53) that c is a correlation matrix. O

A.2 Some algebraic results on correlation matrices

Lemma 23 — Let ¢ € €4(R) and 1 < i < d. Then we have: ¢ — cebe € S§(R), (¢ — ceic);j = 0 for
1<j<d, (c — cefic) l _ clil — (T and:

lil
(1/0 - cefic) =/clll —ci(c))T and (\/C - cefic) =0.

%,

Besides, if c € €5(R), clil — ci(c)T € ST (R).
Proof :  Up to a permutation, it is sufficient to prove the result for ¢ = 1. We have

c—cele= 0 Oi-1 =aca’, with a = 0 Oas € ST (R)
d Od_1 C[l] —cl (cl>T ) P I d .

Besides, we have Rk(aca”) = Rk(ay/c) = d — 1 when ¢ € €5(R), which gives c! — ¢i(c)T € S]* (R). O

Lemma 24 — Let c € €4(R) and 1 <n < d. Then I — \/celi\/c € S (R) and is such that

Tu— eege = I — Vel Ve
Proof :  The matrix (v/ce[j\/¢)ij = (v/¢)in(v/€)jn is of rank 1 and Z?Zl(\/Eeg\/E)iyj(\/E)jyn = (1/¢)in since

Z‘j:l(\/E)?n = ¢;,; = 1. Therefore ((1/¢)in)1<i<a is an eigenvector, and the eigenvalues of Iy — /cel}/c are
0 and 1 (with multiplicity d — 1). O

Lemma 25 — Let g € SCJ[ (R) be a matriz with rank r. Then there is a permutation matriz p, an invertible
lower triangular matriz m, € G,(R) and k, € Mg—_rx-(R) such that:

T _ T _ my 0

The triplet (m,., k., p) is called an extended Cholesky decomposition of q.
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The proof of this result and a numerical procedure to get such a decomposition can be found in Golub
and Van Loan ([9], Algorithm 4.2.4). When r = d, we can take p = I, and m, is the usual Cholesky
decomposition.

Lemma 26 — Let ¢ € €4(R), r = Rk((ci,j)2<i,j<d) and (my, k., D) an extended Cholesky decomposition

Lo 1l0o o0 1| (mte))” 0
of (¢ij)2<ij<d- We set p = ( 0 T ), m=| 0|m, 0 | andé=| m e 1, 0 ,
Ol k O 0 0 Tg—r—1

where ¢§ € R™, with (c}); = (pTep)1ip1 for 1 <i <r. We have:

c=pmeém”p" and ¢ € €4(R).

Proof : By straightforward block-matrix calculations, on has to check that the vector c’fd e RI-(r+1)
defined by (c;’d)z- = (pTep)ri for r +1 < i < d is equal to k.m_'c]. To get this, we introduce the matrix
1] 0 0 1] 0 0
g=1| 0| m, 0 and have ¢! = | 0| m! 0 . Since the matrix
0 kr Id—r—l 0 ‘ _krm:l Id—r—l
1 | (m7teD)™ (! = ke te)”
g plep(aHT = m, teh I. 0
cq’d — krmr’lc’i 0 0

1 -1 .m\T
is positive semidefinite, we have ¢;'* = k.m et < m—1cr (mTI t) ) € ST (R) and thus ¢ € €(R). O
T

B Some auxiliary results
B.1 Calculation of quadratic variations

Lemma 27 — Let (F;)i>0 denote the filtration generated by (Wy,t > 0). We consider a process (Y;)i>o0

valued in Sq(R) such that
d

dY, = Budt + > (ApdWielj + ejdW (A7)T),

n=1

where (A7)i>0, (Bt)i>o are continuous (Fy)-adapted processes respectively valued in Mg(R), and Sq(R).
Then, we have for 1 <i,j5,k,1 <d:

(Y55, Yia)e = [ﬂi:k(Ai(Ai)T)j,l + Limt (AL (AD )k + L=k (AL(ADT)ig + 1= (A (Af)T)i,k} dt (56)
Proof :  Since (A?dWie); j = 1j—n(AldW;); j and (e2dWT (AT j = Lizy (ALdW:) 4, We get:
d . .
A(Yy)ij = (Bo)ijdt+ Y (AD)in(dWi)n s + (ADjn(Wi)p i

n=1

Then, d(Yij, Yea)e = | Lzt Yoy (ADion (A + Limie Sy (4D (A + Limt X1 (AD)in (ADon
+1—k Zizl(Ai)j,n(Ai)l,n} dt, which precisely gives (56). O
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Lemma 28 — Let us consider x € €4(R), and (Xi)¢>0 a solution of the SDE (2). Let T denote the stopping
time defined as T = {t > 0, Xy & €4(R)}. Then, there exists a real Brownian motion (B)i>0 such that for
0<t<,

% Tr[X; (ke + ck — (d — 2)a?)|dt — Tr(2k + a?)dt + 2\/Tr [a2(X; ' = 14)]dB:, (57)
dlog(det(X,) = Tr[X; (ke + cx — da®)]dt — Tr(2k — a®)dt + 24/ Tr [2(X; " — L2)] dB. (58)

Proof :  First, let us recall that Vi, j, k,l € {1,...,d}, Va € S;“*(R) 0, ; det(x) = (adj(x)),; = det(x)x wl,
Ok,10; 5 (det(x)) = det(x)(zf,kl z;;fz;;z;;). Since x is symmetric, we have in particular that 0y ;0; j(det(z)) =
0ifi =1 or j = k. Itd’s Formula gives for t < 7:

d(det(X _ 1 _ _ _ _
w = > (X (X, + B > (X (X ks — (X Yin (X 1)50) (d(Xe)igs d(Xe)k ).
t 1<ij<d 1<i,j<d
12K1=d

On the one hand we have

d
Z (X, Yid(Xe)i; = Te[X; ke + ew)ldt — Tr(2k)dt + 2 Z a;Tr {thegdwj, /Xy — Xtegxt] :

1<i,j<d i=1

On the other hand we get by (6):

+al b (Xe — Xeel Xo)i + af Limi(Xy — Xoeh Xo)jn +a7 Licp(Xe — Xeel X))
d
= > D0 @ = Xl Xo)iw (X7 )i (X ey — (XD in(XH);05)

1 \1<4,k<d

<.

d
Z > ad(Xy = Xpel Xa) 0 (X7 )i (X7 i — (X7 ia (X7 1)50)

i=1 \1<j,I<d

d
Z a? (Tr [(Xe — Xeeh Xo) X el X — (X7 D) Tr [(Xe — Xeel Xo) X))

Since X; € €(R), we obtain that Tr [(X; — X;el, X)X, 'l X, '] = (X; ")ii—1and Tr [X; (X, — Xsel, Xy)] =
d— (Xt)ii =d— 1. We finally get:

d

d(det(Xt)) ey -
Taen(Xy) = Tv[X; ' (ke+ch— (d—2)a®)|dt—Tr(2k+a”)dt+2 > a;Tr | X; ehdW]\/ Xy — Xeel Xo | . (59)

i=1
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Now, we compute the quadratic variation of det(X;) by using (6):

d{det(X _ _ i ]
dUdet(X)): )2>t > (X (X Dk {a?]lj:k(Xt — Xeeh Xo)ig + a5 1= ( Xy — Xe€h Xo)ik
det(Xy) 1<i,j<d
1<KI<d

ai i (Xy — XeehXe)jn + af Lz (X — Xyeh Xy) 5} dt

d
= 4> alTr (X, el XN (X — Xpeh X)) dt
=1

d
4> aF(X; )i — Ddt = A[Tr(a®X; ") — Tr(a®)]dt.

It is indeed nonnegative: we can show by diagonalizing and using the convexity of = +— 1/x that x;

7‘1

—1
1/xz;; = 1. Then, there is a Brownian motion (¢, ¢ > 0) such that (57) holds (see Theorem 3.4.2 in [13]).

2
|

Proposition 29 — Let k,0,7 > 0. For a given x € [—1.1], let us consider a process (X{)i>0, starting from
x, and defined as the solution of the following SDE

dXP =k(0 — XF)dt + n/1 — (XF)?dBy, (60)
where (By)i>0 5 a real Brownian motion. Then there exists a positive constant K > 0, such that
vt >0,V € [-1,1], E[(X] —2)'] < Kt®

Proof : For a given x € [—1,1], we set f%(y) = (y — z)*. If we denote L the infinitesimal operator of the
process X{, then we notice that f%(x) = Lf®(x) = 0. Besides, (z,y) € [-1,1]*> = L?f*(y) is continuous

and therefore bounded: IK > 0,Va,y € [-1,1], |[L2f%(y)| < 2K. (61)
Since the process (X7 );>0 is defined on [—1, 1], we get by applying twice It6’s formula:

Bl = [ f TE 1255 (X)] duds.

From (61), one can deduce that ’ fot Jo E[L2f*(X{)] duds| < Kt*, and obtain the final result.

B.2 Some basic results on squared Bessel processes

Lemma 30 — Let 8 > 2 and Z; = z+ Pt +2 fot vV ZsdBg be a squared Bessel process of dimension [ starting
from z > 0. Then we have

td +Ood
]P’(Vtz(),/oi<oo)1 and /0 Z—i:+ooa.s.

Proof :  The first claim is obvious, since the square Bessel process does never touch zero under the con-
dition of 8 > 2. (see for instance [12], part 6.1.3). By using a comparison theorem (V¢ > 0,7, < Zj
a.s. if B < fB'), it is sufficient to prove the second claim for § € N. In this case, it is well known that
(W +V2)2 + Yo (W[)? follows a square Bessel process of dimension n, where (W[, > 0) are indepen-

w)?

dent Brownian motion. By the law of the iterated logarithm, limsup,_, | 5 Tog(iog®) = 1, which gives the
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desired result since floo tlog(‘fm = 400. 0

Lemma 31 — Let 8> 6. Let Z;y = 14+ 5t+2 fg v ZsdBys be a squared Bessel process of dimension [ starting
from 1 and ¢(t) fot Zl ds. Then we have

Elo(t)] = t+ 7502+ O(P), Elo(t?) = £+ 0(%), Elo(t)"] = O().

Proof : For a fixed time ¢t > 0, the density of Z; is given by:
+oo L/ 1\k
e 2t (_) 1 z B z
z>0,p(t, 2) = 2t Skl S e,
pA) =3 T )

Let us consider that v € {1,2,3}, then all negative moments can be written as

[b]- 5 et g g
2= M M8 2 M R DxoxGiEon)
We have Wé—l) = k+r1 - m + O(%) which yields to the following expansion:
1 Toog 211( )k—i—l +oo —ZL k+2 2 T - 21t( )k+3
E|l=| = R S +0| = N | A
[Zt] k; (k+1)! z:: 2 kZ:O (k+3)!
= 1-(B—-4t+0(t?) (62)
The first equality is thus obtained. We use the same argument to get'
1 400 e—%(i)k'ﬂ e~ Zt k+3
E|l—| = — 24Ot =14+0(t
7] = Sl oS ) -reow
1 +oo —7 k+3
E|l=—| = =0(1). 63
[zg] kz k+3 o (63)

3
By Jensen’s inequality, one can deduce that E {( J %) } < t’E [ f oA )3} Thanks to the moment expansion

n (63), we find the third equality. Finally, by Jensen’s equality, we obtain that

(e}l Geye] = all 5] ool ] -

= 220+ 24+ 0(t*) = O(t%).
It yields that

1Y) - el o)) oo omeom

E
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C A direct proof of Theorem 6

Proof : From (7) we have 2L; = —aLP + LM with:

L= ) vapdugys L= Y (ym —2pp om0 0
1<j<d 1<j,k<d
J#i J#ik#
We want to show that L;L; = L;L; for ¢ # j. Up to a permutation of the coordinates, L; and L; are
the same operators as Ly and Lo. It is therefore sufficient to check that LiLo = LoL;. Since LiLs =
LMLM — o(LPLAY + LMLE) + o2LP LY it is sufficient to check that the three terms remain unchanged
when we exchange indices 1 and 2. To do so we write:

L= Y @y —oparem)Ouadng +2 3 @ea —2p2ao0)0u2a 90 + (1271 5)0h 5

3<i,j<d 3<i<d
L' = Y (e — oemren)denden 2 ) (@na —opeeen)dneden + (1 -1t 2))0f )
3<k,i<d 3<i<d
LY = 2194002y + Z 1,001y, LY =2(10)0010) + Z 2{2,1}012,0}-
3<i<d 3<1<d

By a straightforward but tedious calculation, we get :
YL = Y (g —rpares) @y — Teaen)000 00, O Oy

3<i,5,k,1<d

T

+ > (g —eaaeng) (2002)012.0005) + 20012 02.10(1.4))

3<i,j<d
2
+2 ) (@i —raaraa)@nn — 2022 00)00.2 020 01,1 04,
3<i,j,1<d
3
+ > (@agy —raarag) (- 2%0))00.000.3 07 2
3<i,j<d
4
+2 Z (T2 — o120 01,0 (T gy — TL2,k}T{2,03)02,k) 012,11 011,23 0411}
3<i,k,1<d
3

+4 Z (g2, —2(1,23211,3y) | 01 21012,y — Z T12.110(1,2) 042, 011,43 + Z (T1ay — 12300203001 2y 0p2.3. 011,y

3<i<d " 3<i<d 3<i<d
5

6

+2 Z (T2} — T{1,23T(1,4}) —217{1,2}5.%1,2}3{1,1} +(1— 17%172})3?172}5{1,1'}

3<i<d

8 9

+ ) @y — g rzmy) (- 2 0))002.6 012.m 0 2y
3<k,i<d
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A =atiop) | Y 2@ —rparen)dh g 0en —4 D wpndh g den
3<i<d % 3<i<d

10
+(1 - 17%1,2})6?1,2}((1 - x%l,z})a~?1,2})
11
In this formula, the terms 72 are already symmetric by exchanging 1 and 2. The terms n are paired with

the corresponding symmetric term. To analyse the terms 7, we have to do further calculations. On the one
hand,

1~0 +S = Z 4IE{1,2}(${172}${27[} — x{l,l})8{2172}8{27l}
3<i<d

8 = Z 410y (71,2371, *96{2,1})3?172}3{1,1}7
3<i<d

are symmetric together. On the other hand we have

246=" > {4y —deparng — eate) 4000 restn e 002 00.a 00,
1<4,j<d
i#1,2,57#1,2
which is symmetric.
Now we focus on LY LY + LM LY. We number the terms with the same rule as above, and get:

LPLY + LYLY = Z (Tiray — T2y Ti2,ky) 241,21 012,102,161 01,2}
3<ki<d

1

+2 ) oy @y — raareny)0h g 0en — 2 Y 22T en 00 + 1120012 {(1 - 17%1,2})5{21,2}}

3<i<d 3<i<d
1
2 3
+ Z v (e — T2 T2,y ) 02,0 912,03 011,y + 2 Z oy (T — 21,23 02,03) 011,23 942,13 941,i)
3<i,k,1<d 3<4,1<d
5 6
+2 Z 21,1y 0f1,2)012,4) + Z w1 (1 — 35%,2})6{21,2}5{1,1'} + Z (T — TrL,in2i,1) 1,21 901,2) 011,31 0015}
3<i<d 3<i<d 3<i,j<d
7 8 1
+ Y wpn @y - rrarn)0na0n )y 0pn 2 ) (T — T 072y 0.
3<i,j,1<d 3<i<d
5 2
+2 Z (Tg25y — T{1,3211,2y)011,i39q1,2) + 2 Z oy (Ti2,y — T1,21241,i1) 01,01 011,2) 012,13
3<i<d \7"’ T 3<i,I<d
6
+ (1 =2t )0 o {r 1,202y} + Z (1= 2% 2))0 2.y 001,2, 012,y
v 3<i<d
9
8

Therefore, LY LY + LYLE is symmetric when we exchange 1 and 2. Last, it is easy to check that
LPLY = LPLP which concludes the proof. O
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D A direct construction of a second order scheme for MRC pro-
cesses

In Section 3, we have presented a second order scheme for Mean-Reverting Correlation processes that
is obtained from a second order scheme for Wishart processes. In this section, we propose a second order
scheme that is constructed directly by a splitting of the generator of Mean-Reverting Correlation processes.
As pointed in (42), it is sufficient to construct a potential second order scheme for M RC4(x, %e}l, Iy, elst).
Thanks to the transformation given by Proposition 9, it is even sufficient to construct such a scheme when
(*)o<ij<a = La-1-

Consequently, in the rest of this section, we focus on getting a potential second order scheme for
MRC 4(z, %e}l,ld,e}l;t), where (2)2<ij<a = Iq—1. By (22), the matrix x is a correlation matrix if
Zf:z z%l < 1. Besides, the only non constant elements are on the first row (or the first column) and

the vector ((X¢)1,i)2...q is thus defined on the unit ball D:

d—1
D:{xeRd_l, Zx§g1}. (64)

i=1

With a slight abuse of notation, the process ((X;):)1...4—1 will denote the vector ((X;)141)1..a—1- Its
quadratic covariance is given by d((X;):, d(X¢);) = (Li=; — (X¢):(X¢);) dt, and the infinitesimal generator
L' of MRCy(z, 52e), 14, €}) can be rewritten on D, as

d—2 d—1 1
=2 vty Y (L - @iw;)00;. (65)

i=1 1<i,j<d—1

One can prove that the following stochastic differential equation

d—1
. d—2 . . ) . . _ S
V1<i<d—1, dM; = ———=M; + M, |1~ > (M})2dB} + (1 — (M})*)dB{*' — M > MjdB]*
j=1 1<j<d—1

J#i

is associated to the martingale problem of L', where (By)i>0 denotes a standard Brownian motion in dimen-
sion d. By Theorem (12), there is a unique weak solution (M;);>¢ that is defined on D.

The scope of this section is to derive a potential second order discretization for the operator L', by using
an ad-hoc splitting and the results of Proposition 18. We consider the following splitting

hal-00617111, version 1 - 26 Aug 2011

d—1
SR Sy (66)
m=1
where we have, for 1 <m <d—1:
1 d—1
T 1+ B 2
L= 5 (1 Zzz> Z 2 x10k0),
i=1 1<l,k<d—1
1
m+1 2| _.213\292 ) 2
L = 3 Z 10k + (1 .Tm) 05, 2$m(1 .Tm) Z TrpO0kOm + Z TRX1X;, Ok0
1<k#m<d—1 1<k#m<d—1 1<k#m<d—1

1<i#m<d—1

Thanks to Proposition 18, it is sufficient to focus on getting potential second-order schemes for the opera-
tors £1,..., L%
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D.1 Potential second order schemes for £2, ..., L¢

All the generators £, 1 = 1,...,d — 1 have the same solution as £2 up to the permutation of the
first coordinate and the [-th one. It is then sufficient to focus on the first operator £2. By straightforward
calculus, we find that the following SDE

dt

d(Xi)1 = (1 —(X)NdBy , V2<i<d—1d(X;);i=—(Xp); <— +

B (Xt)ldBt> s XO =xc D, (67)

is well a solution of the martingale problem for the generator £2. The SDE that defines (X;); is autonomous.
Since x; € [—1,1], it has clearly a unique strong valued in [—1,1]. It yields that the SDE (67) has a unique
strong solution on R%. To prove that (X;);>0 takes values in D we consider V; = Zle(Xt)?. By It6 calculus,
it follows that

dVy = (1 = Vi) (1 = (X)T)dt + 2(X0)1(1 = V;)dB.

Thus, 1 —V; can be written as a stochastic exponential starting from 1 —V; > 0 and is therefore nonnegative.
We now introduce the Ninomiya-Victoir scheme for the SDE (67).

Proposition 32 — Let us consider x € D. Let Y be sampled according to P(Y = /3) = P(Y = —/3) =

so that it fits the first five moments of a standard Gaussian variable. Then XF = XO(L, X (VtY, XL, z)
is well defined on D and is a potential second order scheme for the infinitesimal operator L2, where:

)

t

T1€ 0 T
Vt>0,YeeD, X)ta)=  V2<i<d—1, X)(t,z) = ,
) = R ) R ]
e2(1+x1) — (1 —x1) 2e¥x;

Yy € R,V € D, Xi(y,x) = ,V2<i<d—1, X} (y,x) =

)
e2v(1+x)+ (1 — 1) el +xz)+(1—m)

Proof :  The proof is a direct application of the Ninomiya-Victoir’s scheme [17] and we introduce the
following ODEs:

O XY (tx) = XP(t,2)(1 — (X7 (t,2))?), V2<1<d—1,0XP(t,x) = —X)(t,2)(X{(t x))?
Oy Xi(y, ) = (1= (Xi(y,2))?), V2<i<d-1,0,X](y,7) = —X{(y,2) X/ (y,2).

These ODEs can be solved explicitly as stated above. We have to check that they are well defined on D.
This can be checked with the explicit formulas or by observing that 0 ( ld;ll(XlO (t,2))?) = 2(XV(t,2))%(1 —

7:_11()([0(15, 7))?), Oy ?;11(Xll(t,x))2) =2X{(t,2)(1— ;i:_ll(Xl1 (t,2))?). Last, Theorem 1.18 in Alfonsi [2]
ensures that Xf is a potential second order scheme for £2. O

D.2 Potential second order scheme for £!

Let (B¢)i>0 be a real a Brownian motion. We consider the following SDE:

d—1
VI<i<d—1, d(Xy)i = (X0)iy|1— Y (X0)2,dBy, Xo=z€D (68)

m=1

Its infinitesimal generator is £', and we claim that it has a unique strong solution. To check this, we set

Zy = Z?;ll(Xt)f. By It6 calculus, we get that the process (Z;):>o is solution of the following SDE

dZ; = Zi\J1 — Z2dB,, Zy =

34
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Since the SDE (69) satisfies the Yamada-Watanabe conditions (Proposition 2.13, Chapter 5 of [13]), it has
a unique strong solution defined on [0,1]. If Zy = 0, we necessarily have Z; = 0 and thus (X;); = 0 for any
t > 0. Otherwise, we have by It6 calculus dIn((X;);) = d1n(Z;), and then

0, if Zo =0

o . (70)
Z—;Zt otherwise.

Vi<i<d-—1, (Xt)i:{

Conversely, we check easily that (70) is a strong solution of (69), which proves our claim. The explicit
solution (70) indicates that the SDE (69) is one-dimensional up to a basic transformation. Thanks to the
next proposition, it is sufficient to construct a potential second order scheme for Z; in order to get a potential
second order scheme for (69).

Proposition 33 — Let us consider x € D, and Zf denote the second potential order scheme for (Zi)i>o,
starting from a given value z € [0,1]. Then the following scheme XF

) 0 if Yo a? =0,
Vi<i<d-1, (Xtm)l: A/l g2

——=—1, otherwise,
d—1 _2
21 %

is a second potential order scheme for L' which is well defined on D.

Proof : For a given z € D and f € C>°(D), let (X[);>0 denote a process defined by (70) and starting from
x € D. It is sufficient to prove that

[l -E[£(£0)] | < K¢

The case where x = 0 is trivial, and we assume thus that Z?;ll z? > 0. Let f € C>°(D). We define g* : [0,1] —
R by Vy € [0,1], ¢* L ’ <1,it

y) = f(—2—y,..., /—2—y). Since for every 1 <i <d -1, | -—2t—| <
W =ICsemy o e by

follows we can construct from a good sequence of f a good sequence for g* that does not depend on z. By
the defintion of the second potential scheme, there exist positive constants K > 0 and n > 0, depending only
on a good sequence of f such that V¢ € [0, 7]

@71 z2
(2 )| —E

g /

~ d-1 g2
2(g = 1)1 | < xs?

which gives the desired result. O

We now focus on finding a potential second order scheme for (Z;);>0. To do so, we try the Ninomiya-
Victoir’s scheme [17] and consider the following ODEs for z € [0, 1],

1
Vit >0, 0:Zo(t,z) = Zo(t, 2)(Zo(t, 2) — 5), Ve € R, 0. 721(x,2) = Z1(x,2)\/1 — Z1(x, 2)2.
These ODEs can be solved explicitly. On the one hand, it follows that for every ¢ > 0 and z € [0, 1]

zexp(—t/2) .
V1 —222(1 —exp(—t))

On the other hand, we get by considering the change of variable /1 — Z? that for every z € R and z € [0, 1],

Zo(t, Z) =

22 exp(~) o< 1 In(LEVIzZ2
7z — 1—V1—22+4exp(—2z)(1+v1—22) if z S 2 hl( 1—v/1—22 )7
1(1" Z) .
1 otherwise.
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Then, the Ninomiya-Victoir scheme is given by Zo(t/2, Z1(V/tY, Zo(t/2,2))), where Y is a random variable
that matches the five first moments of the standard Gaussian variable. Unfortunately, the composition
Zo(t)2, Z1(VtY, Zo(t/2, 2))) may not be defined if z is close to 1. To correct this, we proceed like Alfonsi [2]
for the CIR diffusion. First, we consider Y that has a bounded support so that Zo(t/2, Z1(vVtY, Zo(t/2, 2)))
is well defined when z is far enough from 1 (namely when 0 < z < K(¢) < 1 with K(¢t) = 1+ O(t)). When
the initial value z is close to 1, we instead use a moment-matching scheme, and then we prove that the whole
scheme is potentially of order 2 (Propositions 34 and 35).

D.2.1 Ninomiya-Victoir’s scheme for (Z;);>o away from 1

Proposition 34 — Let us consider a discrete random variable Y that follows P(Y = v/3) = P(Y = —/3) =

%, and P(Y =0) = %, so that it matches the five first moments of a standard Gaussian.

e For a given z € [0, 1], the map z — Zy(t/2, Z1(V1Y, Zo(t/2, 2)))) is well defined on [0,1], if and only if
z € [0, K(t)], where the threshold function K (t) is given in (72).

e For a given function f € C*([0,1]), there are constants n,C > 0 depending only on a good sequence
of f such that Vt € [0,7)], Vz € [0, K(¢)],

‘E [Zo(t/Q,Zl(\/ZY, Zo(t/Z,z))))} — (f(z) —tLzf(2)+ ?L%f(z))’ < Ct3, (71)

where Ly 1is the infinitesimal operator associated to the SDE (69).

For every t > 0 the function K(t) is valued on [0, 1] such that

\/1— D(t,/3)2 _
K(t):,/Q_i_WA\/Q_WJr ,1im17K(t) \/§(1+\/§), (72)

2(1 — D(t,v/3)2)(1 — e—t/2) 77 t

et lme s (e YY)

with Yy € R D(t,y) =

e*zﬁy+l+\/;76::/z (1—e-2v)
Proof : The main technical thing here is to check the first point. Then, (71) is a direct consequence of The-

orem 1.18 in Alfonsi [2]. By construction, we have Zy(t/2,z) € [0,1] & z < m We conclude that
—exp

the whole scheme Zy(t/2, Z1(\V/tY, Zo(t/2,2)))) is well defined on [0, 1], if and only if Z;(v/tY, Zo(t/2, 2))) <

m. By slight abuse of notation, we denote in the following Zy(t/2, z) by the shorthand Zy. Let us
—exp
assume for a while that we have:

V1= Z2(1+e V) 42V 1> 0,4 (73)
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It yields then to

1—e—t/2

Zo(t/2, 1(VEY, Zo(t/2,2))) € [0,1] = \/1[Zl(ﬁY,Zo(t/2,z)))]22 B

2—et/2
2
. VA VI-Z) - (- V1-Z5)\ _ [1—et?
eV (14+\/1-Z3)+(1-\1-22)) ~

2—et/2
V1= Z2(1 4 e 2VY) f e 2VIY o [l

By (73) /1 — Zg(€_2\/zy — 1) + 1+ 6_2\/EY - 2 _ e—t/2 ( )
1— eV 4 [l (1 4 672V
= 1-22> = D(t,Y).
e 2V 41 4 [1Ze2 2 (1 — em2VY)
2014/ =)
We can check that the mapping D : (t,z) € Ry xR~ D(t,z) = -1+ == is non

e72m+1+¢;;gii§§ (1—e=2Vim)

decreasing on x, and D(t,z) < 1. Since Y € {—\/g, 0, \/§} , it yields thus that the last condition is equivalent

to:
\/1 = D(t,\/3)?
Zo(t)2,2) < \/1—D(t,V/3)? < 2 < . (75)
Ve +2(1 — e=/2)(1 - D(t, V3)?)
Conversely, if (75) is satisfied, we can check that D(t,Y)(1 + e 2V?Y) 4 ¢=2V®Y _ 1 > (. Therefore (73)

holds. To sum up, when z € [0, K (¢)], we both have Zy(t/2, 2), Zo(t/2, Z1(VtY, Zo(t/2, 2)))) € [0,1].
Last, it remains to compute the limit of (1 — K (¢))/t. First, it is obvious that lim; ,o K (t) = 1. We can

check that /1 — D2(t,/3) = \/g_eft/2+\2/e17_if2(1_eﬂ/§ﬁ) =1+t(%- @(1 +4/3)) + o(t), and therefore
- wﬂ(l\_/mﬂw) — 1(B(1+ v/3)) + olt). Tt yields that lim,_o =50 = ¥3(1 1 V3) v L. i
D.2.2 Potential second order scheme for (Z;);>¢ in a neighbourhood of 1
Let (Z¢)t>0 be solution of the SDE (69). By Ité calculus, its moments satisfy the following induction:
Vk>2,E[Z]] = (zk - /t @e*@m [Z5+2] ds) exp(@t).
0
We obtain first that E [Zf] = 25 + O(t), then E [Z}] = 2* + 62%¢(1 — 2%) + O(t?) and last
E[Z}] =2 +t2°(1-2%) + §z2(1 —2H)(1 - 62%) + O(t3). (76)
Moreover, by straightforward calculus, one can check that if ¢t < % and for every z € [0, 1]
224 t2%(1 - 2%) + §22(1 21 -622) <1, t22(1—-2%)+ ng(l —2%)(1 - 62%) > 0. (77)

Since E(Z;) = 2, the right hand side of (77) corresponds to the asymptotic variance of Z;. To approximate
the process (Z;)i>o near to one, we use a discrete random variable, denoted by Z7, that fits both the

exact first moment and the asymptotic second given by (76). We assume that Zf takes two possible values
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0 < 2T < 27 <1, with probability p(¢, z) and 1 — p(t, z) respectively. We introduce two positive variables
(m*,m™), defined as 2T = 2 +m™ and 2~ = z — m™. Since we are looking to match the moment, we get
the following equations:

E {ZAE} =z < mtpt,z) =m~(1—p(t,z2))
E [(z}z)ﬂ =2 48221 - 2%) + B22(1 - 22)(1 - 62%) & (m+)? 1L = t22(1— 22) + 5 22(1 - 2%)(1 - 622)
(78)
We choose
1 t
+ — = — T = — — 2
m™ = z(1 — z) and then have p(t,z) =1 S, m tz(1+2)(1+ 2(1 627)).

1—2z

The random variable Zf is well defined on [0, 1] if and only if 2* < 1 and z~ > 0, which is respectively

equivalent to z(1 —z) < (1 —z) and ¢(1+ z)(1+ £(1 — 62%)) < 1. By straightforward calculus, we can check

that these conditions are satisfied. Since 1 — K () o O(t) by Proposition 34, we deduce that there is C > 0
—

such that 5
vt e [0,Z1,vz € [K(1),1), Vg € N', E [(1 - z}z)q} < Cus (79)

Proposition 35 — Let U ~ U([0,1]). The scheme Zf = 2t Liu<p(t,2)} + 2~ Luspt,2)} 18 a potential second
order scheme on z € [K(t),1]: for any function f € C>([0,1]), there are positive constants C and p that
depend on a good sequence of the function f, such that

2 2
vt e [0777/\ g]ﬂ Vz € [K(t)vl]v

E[1(20)] - £2) ~ tLaf(2) - S(LaPf)| <0, (80)

where Lz is the infinitesimal operator associated to the SDE (69).

Proof :  Let us consider a function f € C*([0,1]). Since the exact scheme is a potential second order
scheme (see Alfonsi [2]), there exist then two positive constants n and C, such that Vt € [0,u], Vz €

0,1], [E[f(Z7)] — f(z) —tLzf(2) — %(Lz)Qf(zH < Ct3. We conclude that it is sufficient to prove that
Vz e [K(t),1], |[E[f(Z7)] — E[f(Z7)]] < Ct3, for a constant positive variable C. By a third order Taylor
expansion of f near to one, we obtain that

(1-2)?

Vz € [0,1], 5

10 (10 - ra -+ S ) [ £ O - 2

Thus, there is a constant C' > 0 depending on a good sequence of f such that
Bz -EFZON < o (B0 -Z)+El0 - 2% + [E[0 - 2)?] —E [ - 2)?] |)
By (79), the first term is of order O(t3). The last term is equal to |E[(Z7)?] — 22 — t22(1 — 22) — t; 22(1—
2%)(1 — 622)| and is also of order O(t3) by (76). Last, we have by It6 calculus that Vg > 2, E[(1 — Z7)4] <

(1—-2)944q(¢g—-1) f(fE[(l — Z%)971]ds. By induction, we get that there is a constant R, > 0, such that
Vz € [K(t),1], E[(1 — ZF)9] < R4t?, which finally gives the claimed result. O

38



